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Abstract

Empirical studies in economics often involve observational data with many con-
trols or technical terms. As a way to seek robustness, a common practice is to
compute an estimate using different subsets of controls. However, many conven-
tional estimators ignore the additional mean squared error (MSE) incurred due to
the presence of many controls or technical terms, which can cause the empirical
results to be misinterpreted. In this paper, we propose a simple, new estimator that
minimizes the worst-case finite-sample MSE among a class of plug-in estimators, if
the regression function is indeed linear in the parameters. Therefore, our estimator
is approximately minimax optimal in a finite sample. We characterize our estimator
as a solution to a simple minimum-distance problem. We also establish favorable
asymptotic properties of our estimator under weak conditions that hold indepen-
dently of its finite-sample minimax property. Our approach deals with a class of
regression functionals, including population average treatment effect under uncon-
foundedness and overlap as a special case. Compared to other recent approaches,
our estimator behaves more robustly for the dataset of Ferraz and Finan (2011) and
outperforms in a variety of simulation studies in terms of MSE.
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1 Introduction

Empirical studies in economics often involve observational data with many controls. For
example, identifying a causal effect usually exploits quasi-experimental variations in the
treatment, which is more plausible when conditioned on many controls. Researchers also
frequently include technical terms such as squares and interactions to capture nonlinear
or heterogeneous effects in the data (see, e.g., Imbens (2004); Imbens and Wooldridge
(2009) for a review). Since economic theory is rarely informative regarding which controls
or technical terms should be used, it is common to compare estimates resulting from
different subsets of controls (Oster, 2019). If the data indeed come from a good natural
experiment, can we estimate a parameter of interest that is not too sensitive to the use
of many different controls?

In pursuing this question, we revisit Ferraz and Finan (2011)’s work, which studies
the effect of electoral accountability on corruption. With the treatment plausibly ran-
domly assigned, one of their main empirical strategies is to use an ordinary least squares
(OLS) regression with many controls. Following common practice, they sequentially add
different sets of controls to the regression. The estimated treatment effect changes consid-
erably, jumping almost 50% from a plain vanilla mean comparison to a full specification
with more than 60 controls. Such coefficient instability is often perceived only as a con-
cern for the existence of omitted variable bias (OVB). To justify the sensitivity result,
one often argues for the direction of the OVB. However, in this setting, the sign of the
OVB is far from clear. See Section 2 for a more detailed discussion of this issue. The
unsatisfactory performance of the default estimator in this credible natural experiment
motivates us to develop a more robust approach. An ideal estimator should produce
relatively stable estimates, if the dataset is indeed a good natural experiment with little
bias. If, in contrast, the dataset features severe bias, adding important controls should
correctly reduce the estimation error.

One way to approach this problem is as follows. Imagine a researcher who is con-
templating a set of controls, including technical terms, in their analysis. Given a rich
set of conditioning terms, they are willing to assume unconfoundedness and work with
a linear-in-parameters specification. In this paper, we propose a simple, new estimator
that aims to mitigate the mean squared error (MSE) resulting from the presence of many
controls or technical terms. We apply our estimator to the same dataset used by Ferraz
and Finan (2011). The estimated treatment effect is significantly more stable. Thus, we
suspect that the observed coefficient instability is also associated with suboptimal control
of the MSE in the presence of many conditioning terms. A less robust estimator ignores
such MSE and can cause many empirical results to be misinterpreted. Our estimator
acknowledges the need to trade off the MSE and tries to control it optimally. Compared
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to other recent approaches, our estimator behaves more robustly for the dataset used by
Ferraz and Finan (2011), and it outperforms in a variety of simulation studies in terms
of MSE.

We start by noting that many parameters of interest in economics are an average
regression functional written as follows:

θ0 = E[m(W, γ0)],

where γ0(· ) := E[Y |W =· ] is a regression function, and m(w, γ0) is a known linear func-
tion for each fixed value w (Newey and Robins, 2018). In many cases, we can also express
θ0 as a population weighted mean of the observed outcome. One leading example is the
population average treatment effect under unconfoundedness and overlap conditions, for
which the weighting function is the product of binary treatment and inverse propensity
score. This weighting function plays a crucial role in semiparametric theory and is, in
fact, the Riesz Representer (RR, also see Newey, 1990, 1994). We then consider a class
of plug-in estimators in which the weighting function is approximated by some linear
function. We call these estimators balancing plug-in (BP) estimators because they are
closely analogous to the balancing method from statistics literature (e.g., Hainmueller,
2012; Zubizarreta, 2015; Chan et al., 2016; Kallus, 2016; Athey et al., 2018).

Our idea is to find a BP estimator that minimizes the worst-case finite-sample MSE,
if γ0 is indeed linear in parameters. Since γ0 can in fact be nonparametric, our esti-
mator is approximately minimax optimal. Such a treatment is empirically motivated, as
many researchers often engage with many conditioning terms. If a researcher works with
many controls that do not involve technical terms (like Ferraz and Finan, 2011), our
approach provides an estimator with a beneficial MSE property, if γ0 is indeed linear in
the selected controls. For researchers who are more concerned about the nonlinearity of
γ0 and who proceed with many technical terms to approximate γ0, our estimator pro-
vides a way to reduce the MSE caused by using many technical terms. Our approach
is simple to implement. The minimax exercise can be solved analytically by considering
a minimum-distance criterion with a ridge-style penalty, a form similar to the penalized
sieve minimum-distance (PSMD) estimator developed by Chen and Pouzo (2012, 2015).

Next, we demonstrate that our estimator also possesses desirable asymptotic proper-
ties. These asymptotic results hold independently of the finite-sample minimax property
and justify our estimator in large samples. Specifically, building on the literature in se-
ries estimation (see, among others, Newey, 1997; Shen, 1997; Huang, 2003; Ai and Chen,
2003; Newey and Powell, 2003; Chen, 2007; Chen et al., 2008; Cattaneo and Farrell, 2013;
Belloni et al., 2015; Chen and Christensen, 2015; Hansen, 2015; Cattaneo et al., 2020),
we establish the root-n normality of our estimator under weak conditions when k

n
→ 0,

3



where k is the number of conditioning terms and n is the sample size. Moreover, we show
that our estimator can still achieve root-n normality under the many-regressor scenario
when k is allowed to grow proportionally to n and the RR is allowed be mis-specified.
This result applies the approach of Cattaneo et al. (2018b,a), who focus on partially
linear models, to the framework of average regression functionals, which have a different
structure.

The estimation of average regression functionals is a part of semiparametric literature
dating back to, at least, Bickel (1982); Robinson (1988); Newey (1990); Van Der Vaart
et al. (1991); Bickel et al. (1993); Andrews (1994); Newey (1994). See Van der Vaart
(Chapter 25, 1998) for a review. The construction of our estimator is motivated by two
recent influential approaches that endeavor to select estimators in a more refined way.
One approach (Approach 1 ) examines the asymptotic order of the remainder error that
arises from a linear expansion. If the remainder error vanishes to zero in a large sample,
one can often show that the estimator is asymptotically normal and semiparametrically
efficient. This motivates Newey and Robins (2018) and their high-dimensional variants
(for example, Chernozhukov et al., 2022b,c) to calculate an estimator with remainders
converging asymptotically to zero as quickly as possible. They found that debiasing (or
orthogonalization) and cross-fitting in tandem yielded a fast remainder rate. Debiasing
is a technique that reduces an estimator’s asymptotic asymptotic bias (see, e.g., Cher-
nozhukov et al. (2022a) for a general treatment on constructing debiased moments for
a large class of GMM models). With cross-fitting, we estimate nuisance parameters us-
ing only observations from a random sample that are independent of the main sample.
These techniques have also been studied by Farrell (2015); Rothe and Firpo (2016); Bel-
loni et al. (2017); Chernozhukov et al. (2018), among others.1 Compared to this approach,
the remainder rate of our estimator is just as fast as a plug-in cross-fitted estimator. In
addition, debiasing our estimator generally does not further improve the remainder rate.
To obtain a remainder rate that is faster than ours, one usually must use both debiasing
and cross-fitting simultaneously, which is computationally more costly but which may
induce more finite-sample error.2

The other approach (Approach 2 ) focuses instead on finite-sample performance. By
conditioning on a sample of covariates and prespecifying a convex functional class for
γ0, Donoho (1994) and Armstrong and Kolesár (2018) developed general procedures to
obtain optimal statistical decisions for a class of linear functionals. One advantage to
this approach is that it can deal with objects that are not root-n estimable, including

1Another popular method to correct asymptotic bias is to employ the jackknife method (see, e.g.,
Cattaneo et al. (2019) for a detailed treatment).

2Cattaneo and Jansson (2019) also found that simple plug-in estimators can achieve bootstrap con-
sistency under minimal smoothness conditions, a property that is not achieved by several debiased
estimators.
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a conditional average binary treatment effect given the value of a continuous covariate
(Zimmert and Lechner, 2019; Chernozhukov et al., 2022c; Fan et al., 2022) or an average
treatment effect when the overlap is violated (Khan and Tamer, 2010). For the problem of
estimation, this approach attempts to find an optimal estimator that minimizes the worst-
case finite-sample MSE. Our finite-sample criterion is a special case considered by Donoho
(1994); Armstrong and Kolesár (2018) applied to average regression functionals, where γ0
is restricted as a class of linear functions. Armstrong and Kolesár (2021); Kallus (2020)
also applied this approach to estimating a sample average treatment effect, considering
general functional classes that may include our linear functions as a special case. But they
did not provide the specific finite-sample or asymptotic results in this paper. Wong and
Chan (2018) considered a similar criterion but focused on the asymptotic performance
of debiased estimators when γ0 was in a reproducing kernel Hilbert space. Hirshberg
and Wager (2021) also proposed similar criteria for debiased estimators. As a result,
they examined a case in which γ0 should lie in a space that was restricted by an initial
estimate of γ0. Imbens and Wager (2019) applied similar minimax linear estimation
procedures to their regression discontinuity design.

Our paper contributes to theoretical discussions on whether the finite-sample optimal
estimators used in Approach 2 can be as asymptotically efficient as those demonstrated by
Approach 1, if the object of interest is indeed root-n estimable. Our results confirm that
such a conjecture is true for the specific regularity class of linear functions with growing
dimensions when k is not too great compared to n. Thus, our results justify Approach
2 asymptotically as well for that particular class of linear functions. Regarding other
general nonparametric classes (e.g., a Hölder class with a sufficiently high smoothness
index), this conjecture is plausible but seems to remain an open question to the best of
my knowledge. We leave this matter for future research.

When k
n
≥ 1, the remainder of our estimator can grow asymptotically. In this case,

Chernozhukov et al. (2022b) showed that debiasing and cross-fitting are also effective for
regularized estimators of the RR using lasso or other types of learners, and their estima-
tors can achieve root-n normality under weak conditions. Their approach is also valid for
nonlinear functionals. Chernozhukov et al. (2022c) extended the analyses to nonregular
linear functionals. Qiu (2020) modified the minimum-distance estimator for the RR with
an elastic-net-style penalty and showed that the modified estimator converged at least
as fast as its lasso counterpart. With this modified estimator, Qiu (2020) proposed a de-
biased estimator that also achieved root-n normality when k

n
≥ 1 for average regression

functionals.
The remainder of this paper is organized as follows: Section 2 demonstrates the per-

formance of our estimator via the work of Ferraz and Finan (2011). Section 3 introduces
our general framework and related examples. Section 4 presents our estimator and its
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finite-sample property. Section 5 establishes the asymptotic proprieties of our estima-
tor. Simulation studies are provided in Section 6. Proofs and additional technical and
empirical results can be found in the Appendix.

2 Application: Estimating an average treatment effect

with many controls

In this section, we explain the usefulness of our estimator in the context of estimating
an average treatment effect with observational data. Section 2.1 introduces the work
of Ferraz and Finan (2011) as an example of researchers being interested in estimating
a treatment effect that is robust to many different controls. Section 2.2 discusses how
a conventional estimator might provide unsatisfactory results and lead to being misin-
terpreted. Section 2.3 introduces our approach and illustrates the performance of the
proposed estimator. Compared to other modern off-the-shelf estimators, we find that our
estimator performs more robustly and could be a more suitable estimator for moderately
high-dimensional datasets.

2.1 Motivating example: Ferraz and Finan (2011)

Ferraz and Finan (2011) studied the effect of electoral accountability on corruption by
exploiting a natural experiment in Brazil. They collected a municipality-level dataset
from an anticorruption campaign in which the treatment was plausibly randomly assigned.
Therefore, one of their main empirical strategies was to apply OLS using many mayoral
and municipal characteristics as controls. They found that in municipalities in which
mayors were serving their first term, the share of resources involved in corruption was
significantly less than in municipalities with second-term mayors. Ferraz and Finan (2011)
used the following controlled regression:

Yi = θ0Ti +X ′
iβ + εi, (2.1)

where Ti = 1 if mayor i’s term limit is not binding (with reelection incentives), Ti = 0 if the
mayor’s term limit is binding (without reelection incentives), Yi is the observed outcome
on the share of resources related to corrupt activities in the mayor’s municipality, θ0 is
the object of interest3, εi is the error term, and Xi is a vector of included controls.

As one of their primary empirical analyses, Ferraz and Finan (2011) explored how the
estimate of θ0 in (2.1) changed when different sets of controls were sequentially included.

3This can be interpreted as the average treatment effect of reelection incentives on corruption, if the
individual treatment effect is homogeneous (Angrist, 1998).
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Starting with a plain vanilla mean comparison, they sequentially added five sets of relevant
controls. The full specification included a total of 67 conditioning terms versus a sample
size of 476, a moderately high-dimensional scenario, with their ratio being approximately
0.14. From Table 1, we may see that the OLS estimates are quite unstable and sensitive
to the sets of included controls. A simple mean comparison yields a point estimate of
-0.0188, meaning that lame duck mayors, on average, steal 1.88% more resources. As
we add additional controls, the magnitude of the estimated effect gradually increases.
With all controls included, the point estimate becomes -0.0275, representing an increase
of almost 50% over the plain vanilla estimate.

2.2 From unstable coefficients to robust estimates

The approach by Ferraz and Finan (2011) is common among researchers who work
with observational data and are willing to assume unconfoundeness (or selection-on-
observables). A stable estimate with respect to different controls is considered more
reassuring (Chiappori et al., 2012). In the primary analysis by Ferraz and Finan (2011),
however, the point estimates do change substantially. For instance, Specification 2 fea-
tures 21 conditioning terms, and its estimate increases by only about 5% compared to
the plain vanilla estimate. Specification 6 features 67 conditioning terms, but its estimate
increases almost 40% compared to Specification 2. To justify these unstable estimates,
researchers often argue that added controls are relevant and will serve to alleviate OVB.
For example, one might claim that: (1) ignoring added controls underestimates the effect
of reelection incentives on corruption; (2) adding more controls partially corrects OVB,
thereby providing estimates that more closely approximate the true effect. However, such
arguments seem unsatisfactory. For example, from Specification 2 to 6, the additional
controls include municipal, political, and judicial characteristics as well as some state
and lottery dummy variables. How these additional controls are related to the potential
corruption level and treatment assignment is far from clear, making the judgement on
the sign of OVB difficult. For this arguably credible natural experiment, justifying the
unstable estimates purely from the perspective of OVB is not entirely convincing.

Drawing on the example of Ferraz and Finan (2011), we believe it is important to use a
more robust estimator when working with observational data: (1) if the dataset is indeed
a good natural experiment with mild bias, it should produce relatively stable estimates
with different subsets of controls; (2) if, conversely, the dataset features severe bias,
adding important controls should correctly reduce the MSE. In this paper, we propose a
new estimator that may achieve these goals better than other modern approaches.
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2.3 Illustration of our estimator

To introduce our approach, we deviate from (2.1) and consider a more flexible het-
erogeneous treatment effect model with binary treatment Ti ∈ {1, 0}. Let Yi(1) de-
note the potential outcome (i.e., the level of corruption) of unit i when Ti = 1, and
Yi(0) denote the potential outcome when Ti = 0. The average treatment effect is then
θ0 := E[Yi(1)] − E[Yi(0)]. In the work of Ferraz and Finan (2011), this is the expected
effect of reelection incentives on corruption. A researcher interested in estimating θ0

collects a random sample {(Yi, Ti, X
′
i)

′}ni=1, where Yi = TiYi(1) + (1− Ti)Yi(0) is the ob-
served outcome, and Xi is a vector of the controls. Given {Xi}ni=1, the researcher imposes
unconfoundedness and overlap assumptions, under which θ0 is identified as follows:

θ0 = E [γ0(Xi, 1)− γ0(Xi, 0)] , (2.2)

where γ0(x, 1) := E[Yi|Xi = x, Ti = 1], and γ0(x, 0) := E[Yi|Xi = x, Ti = 0]. Furthermore,
we suppose both γ0(x, 1) and γ0(x, 0) are linear-in-controls:

γ0(x, 1) = β′
1x, β1 ∈ Rk, γ0(x, 0) = β′

0x, β0 ∈ Rk. (2.3)

We are concerned about a researcher who is willing to assume (2.3), like Ferraz and
Finan (2011), but hopes to find an estimator with low MSE in a finite sample if the linear
specification (2.3) were true. Our proposed estimator has a simple form as follows:

θ̃BP := θ̃1 − θ̃0, θ̃1 :=
1

n

n∑
i=1

α̃1(Xi)TiYi, θ̃0 =
1

n

n∑
i=1

α̃0(Xi) (1− Ti)Yi,

α̃1(x) := ã′1x, ã1 :=
[
ĜT ĜT + λn,1ĜT

]−
ĜT P̂ , ĜT :=

1

n

n∑
i=1

[TiXiX
′
i], P̂ := En[Xi],

α̃0(x) := ã′0x, ã0 :=
[
Ĝ1−T Ĝ1−T + λn,0Ĝ1−T

]−
Ĝ1−T P̂ , Ĝ1−T :=

1

n

n∑
i=1

[(1− Ti)XiX
′
i],

where λn,1 and λn,0 are the two penalty coefficients selected by the researcher. As shown
in Section 4, θ̃BP controls the finite-sample worst-case MSE among a class of plug-in
estimators (i.e., it can be treated as a finite sample minimax estimator). In Section 5, we
show that θ̃BP also possesses desirable asymptotic properties with many controls, even if
the minimax property does not hold.

We apply θ̃BP with a small, fixed penalty (λn,1 = λn,0 = 0.001) to the same dataset
in Ferraz and Finan (2011). The results are reported in the second row of Table 1. In
contrast with the controlled OLS regression, our estimator performs more robustly against
various sets of included controls. The estimates are quantitatively stable at approximately
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Table 1: Effect of reelection incentives on corruption: Baseline results
Specification (1) (2) (3) (4) (5) (6)

k 1 21 28 32 41 67

n 476 476 476 476 476 476

Controlled OLS
Effect -0.0188** -0.0198** -0.0200** -0.0235** -0.0261** -0.0275**

S.E. (0.0095) (0.0096) (0.0099) (0.0108) (0.0106) (0.0113)

Our estimator θ̃BP Effect -0.0187** -0.0186** -0.0162* -0.0182* -0.0182* -0.0182**

λn,1 = λn,0 = 0.001 S.E. (0.0094) (0.0087) (0.0088) (0.0097) (0.0095) (0.0092)

Controlled ridge Effect -0.0195** -0.0197** -0.0233** -0.0256** -0.0263**

λn = 0.001 S.E. (0.0096) (0.0099) (0.0108) (0.0106) (0.0113)

Controlled ridge Effect -0.0070 -0.0078 -0.0010 -0.0076 -0.0053

10 fold CV S.E. (0.0097) (0.0100) (0.0110) (0.0109) (0.0119)

Plug-in ridge Effect -0.0186** -0.0191** -0.0235** -0.0250** -0.0272***

λn,1 = λn,0 = 0.001 S.E. (0.0089) (0.0095) (0.0102) (0.0101) (0.0101)

Plug-in ridge Effect -0.0188** -0.0188* -0.0188* -0.0188* -0.0188*

10 fold CV S.E. (0.0092) (0.0098) (0.0107) (0.0108) (0.0113)

Debiased w. Effect -0.0180* -0.0177* -0.0252** -0.0252** -0.0214*

post lasso selection S.E. (0.0094) (0.0096) (0.0111) (0.0111) (0.0110)

Debiased w. Effect -0.0188** -0.0181* -0.0225** -0.0225** -0.0219**

lasso selection S.E. (0.0095) (0.0095) (0.0100) (0.0100) (0.0100)

Linear partialing out Effect -0.0177* -0.0198** -0.0248*** -0.0259*** -0.0216**

post lasso selection S.E. (0.0093) (0.0093) (0.0096) (0.0095) (0.0096)

Linear double selection Effect -0.0180* -0.0200** -0.0248** -0.0260** -0.0224**

post lasso selection S.E. (0.0096) (0.0095) (0.0104) (0.0103) (0.0105)

Mayoral characteristics No Yes Yes Yes Yes Yes

Municipal characteristics No No Yes Yes Yes Yes

Political and judicial characteristics No No No Yes Yes Yes

Lottery dummies No No No No Yes Yes

State dummies No No No No No Yes

Note: k is the number of conditioning terms and n is the sample size. Numbers in parentheses represent
computed standard errors. (1)-(6) use the same controls as those used in Table 4 of Ferraz and Finan
(2011). Ridge methods use the R package “glmnet”; four lasso based methods use the R package “hdm”. For
controlled (cross-validated) ridge regressions, standard error is calculated using the sandwich formula with
residuals derived from the ridge regression; For plug-in (cross-validated) ridges, standard error is calculated
with α0 estimated using the estimator in Newey and Robins (2018).
*** Significant at 1%. ** Significant at 5 %. * Significant at 10%.
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-0.018 throughout the six specifications, and they are all statistically significant at least at
10% level. We also examine the performance of other modern off-the-shelf methods, the
results of which are also reported in Table 1. These estimators do not have the minimax
property enjoyed by θ̃BP , and the majority of them do not perform as robustly as our
estimator. Thus, the observed coefficient instability of the other estimators is likely to be
associated with the suboptimal control of finite-sample MSE, especially in the presence
of many controls.

Admittedly, being stable is not a property that we always desire from an estimator.
Indeed, if some important controls are missed, then the coefficient stability actually
becomes an erratic property that we hope to avoid. To cope with such concerns, in
the simulation studies in Section 6.1.4, we examine the performance of our estimator
when the data contain severe bias. We find that our estimator correctly reduces the MSE
as additional relevant terms are added, while other methods that fail to control MSE
optimally may perform erratically. Based on the performance of the real dataset and
the simulation studies, we believe that our estimator is more robust than other existing
methods.

We conducted further robustness checks on our estimator. In Appendix E.1, we follow
Ferraz and Finan (2011) to use different measures of corruption, and to take measures
to control possible selection-on-unobservables. Compared to the other estimators, our
estimator still performs more robustly. In Appendix E.2, we use many technical terms
constructed from the raw controls. The performance of our estimator as well as the
other estimators exhibits a pattern similar to the main baseline results shown in Table 1.
Finally, in Appendix E.3, we perform a sensitivity analysis of our estimator with respect
to various magnitudes of penalty coefficients. The estimated effect does not change
significantly as the penalty varies over a large interval.

3 General framework and related examples

We now introduce a setup that includes the average treatment effect as one example and
encompasses many economics problems as well.

3.1 Setup

Let Y ∈ R be a random outcome variable and W ∈ W ⊆ RdW be a random vector of
dimension dW . Let P denote the joint distribution of (Y,W ′)′. We write the conditional
expectation of Y given W as follows:

γ0(w) := E[Y |W = w], (3.1)
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where E[· ] is the expectation operator under P. We assume the following:

γ0 ∈ LP,2 :=

{
f : W → R |

∫
w∈W

f 2(w)dP(w) < ∞
}
.

Let m(w, γ0) : RdW ×LP,2 → R be a known linear function such that for every γ1, γ2 ∈ LP,2

and every constant r ∈ R,

m(w, rγ1 + γ2) = rm(w, γ1) +m(w, γ2) (3.2)

for each w ∈ W . The object of interest in this paper is the continuous linear functional
E[m(W, ·)] : LP,2 → R evaluated at γ0

4:

θ0 := E[m(W, γ0)]. (3.3)

According to the Riesz representation theorem, there exists a unique α0 ∈ LP,2 such that
for each γ ∈ LP,2,

E[m(W, γ)] = E[γ(W )α0(W )]. (3.4)

We call α0 the Riesz Representer (RR) of the functional E[m(W, ·)]. According to (3.4),
we can interpret θ0 as an RR-weighted population average of the regression function (or
average regression functional) as follows:

θ0 = E[α0(W )︸ ︷︷ ︸
weight

γ0(W )︸ ︷︷ ︸
regression

]. (3.5)

Furthermore, the Law of Iterated Expectations (LIE) implies that θ0 can also be written
as:

θ0 = E[α0(W )Y ],

a weighted mean of the observed outcome where the weight function for outcome Y is
α0(W ).

3.2 Examples

Example 3.1. Missing data and the average treatment effect

Consider the framework of incomplete outcome data in Rubin (1974) and Rosenbaum
and Rubin (1983). We are concerned about the population mean θ0 = E[Y ∗] of an
outcome variable Y ∗. However, we observe only Y = TY ∗, where T ∈ {0, 1}. That is, if
T = 0, it implies that Y ∗ is missing. Suppose we also observe a covariate vector X. We

4The functionals of the form E[m(Z, ·)] where W ⊆ Z can also be considered at the expense of
additional technicality.
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define the inverse propensity score as ω(x) = 1/Pr{T = 1|X = x}. Suppose the overlap
assumption holds such that 0 < ω(x) < 1 for all x ∈ X . Also, suppose that Y ∗ and T

are conditionally independent given X. Then, θ0 can be identified as follows:

θ0 = E[γ0(X, 1)],

where γ0(x, 1) = E[Y |X = x, T = 1]. Furthermore, for each g ∈ LP,2,

E[ω(X)Tg(X)] = E[g(X)]. (3.6)

This example fits the general setup by letting W = (X ′, T )′ such that γ0(w) = γ0(x, t)

and the linear function is m(w, γ) = γ(x, 1). Furthermore, (3.6) identifies the RR as
α0(w) = α0(x, t) = ω(x)t. This framework can be extended to account for the average
treatment effect. See Section 2.3 or Qiu and Otsu (2022) for further discussion.

Example 3.2. Regression discontinuity design away from the cut-off
We sightly modify Example 3.1 but keep the notation (Y, T,X). In addition, suppose

T is determined by a running variable R ∈ R at the cut-off point 0: T = 1{R ≥ 0}. We
fix a known boundary point, b > 0. The object of interest is defined as:

θ0 = E[Y ∗| − b ≤ R ≤ b].

This object is useful when external validity is of concern. For example, we may be
interested in the population group away from the cut off (i.e., inframarginal applicants)
rather than a group in the immediate vicinity of the cut off. One way to identify θ0 is
by assuming that Y ∗ and R are independent conditional on X and −b ≤ R ≤ b (Angrist
and Rokkanen, 2015). Then, the following can be shown:

θ0 = E[γ0(X)| − b ≤ R ≤ b], (3.7)

where γ0(x) = E[Y |X = x, 0 ≤ R ≤ b]. Here W = (X ′, R)′, γ0(w) = γ0(x) and
m(w, γ) = γ(x). The RR is found in a fashion similar to (3.6) under suitable overlap
assumptions as follows:

α0(w) = α0(x, r) = ω(x)1{r ≥ 0}, (3.8)

where ω(x) := 1/E [1{R ≥ 0}|X = x,−b ≤ R ≤ b] is the (R-linked) inverse propensity
score.

Example 3.3. Weighted average derivative and single index model
Suppose we are interested in the weighted average of some partial derivative of a
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regression function:

θ0 = E
[
ω(W )

∂γ0(W )

∂W1

]
, (3.9)

where W is a vector of the covariates whose first element is W1, ω(w) is a known weight
function and γ0(w) = E[Y |W = w]. In this example, m(w, γ) = ω(w)∂γ(w)

∂w1
. (3.9)

encompasses several models found in the literature, such as the single index model (Stoker,
1986; Härdle and Stoker, 1989; Powell et al., 1989, etc.) and the nonseparable model
(Imbens and Newey, 2009; Altonji et al., 2012, etc.). See Cattaneo et al. (2013) for a
review. To find the RR, assume that ω(w) has a value of 0 at the boundaries. Integration
by parts yields the following:

θ0 = −E
[
γ0(W )

∂v(W )/∂W1

f(W )

]
,

where v(w) = ω(w)f(w), and f is the marginal density of W . The RR is then found as:

α0(w) = −∂v(w)/∂w1

f(w)
.

See Newey and Stoker (1993) and Newey and Robins (2018) for additional details.

Example 3.4. Average effect after policy intervention
This setup was introduced by Stock (1989) and has been further studied by Rothe

and Firpo (2016). As usual, we let γ0(w) = E[Y |W = w] be the conditional expectation
and let π(w) be a known policy function. Intuitively, the distribution of W is shifted to
a new random variable Wπ such that Wπ(w) = π(w) after policy intervention. We are
interested in predicting the average effect on outcome Y after policy intervention, which
is written as:

θ0 = E[γ0(π(W ))]. (3.10)

Here, m(w, γ) = γ(π(w)). Rewriting (3.10) using a change-of-measure, we find the RR
as α0(w) =

fπ(w)
f(w)

, where f and fπ are the marginal densities of W and Wπ, respectively.

Example 3.5. Approximate average consumer surplus
This is an example from nonparametric welfare analysis. To introduce the idea, we

consider a highly simplified version of the problem studied by Hausman and Newey (1995,
2016, 2017). In our example, the functional of interest is only an approximation of the
consumer surplus. See Hausman and Newey (2016) on how to derive bounds on the
average exact consumer surplus, which is also an average regression functional. See
Chernozhukov et al. (2022b) for the derivation of the RR in the more sophisticated case.
Let the demand function of a commodity be γ0(r, z) = E[Q|R = r, Z = z], where R is
the price, Q is the quantity demanded and Z is a vector of other characteristics that
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affect demand. Let Z1, the first variable of Z, denote income. We define the approximate
consumer surplus for a price change from r0 to r1 as

∫ r1
r0

γ0(r̃, Z)dr̃. The object of interest
is:

θ0 = E
[
ω(Z)

∫ r1

r0

γ0(r̃, Z)dr̃

]
,

for some known weight function ω(z). The parameter θ0 is the average effect of the price
change on certain income groups (and possibly on other observable characteristics). Here,
W = (R,Z ′)′, γ0(w) = γ0(r, z) and m(w, γ) = ω(z)

∫ r1
r0

γ(r̃, z)dr̃. Let fR|Z(r|z) be the
conditional density. Then the following can be shown:

θ0 = E
[
ω(Z)1{r0 ≤ R ≤ r1}

fR|Z(R|Z)
γ0(R,Z)

]
,

suggesting that the RR is α0(w) = α0(r, z) =
ω(z)1{r0≤r≤r1}

fR|Z(r|z) .

Example 3.6. GMM with auxiliary data
This example was inspired by the work of Chen et al. (2005, 2008) and can be applied

to several problems, including measurement error models with validation data and the
estimation of the average treatment effect on the treated. To simplify presentation, we
focus on the estimation of the average treatment effect on the treated, defined as:

θ0 = µ1 − µ0, µ1 = E[Y (1)|T = 1], µ0 = E[Y (0)|T = 1],

where T is binary treatment, and Y (1), Y (0) are two potential outcomes. Let Y =

TY (1) + (1− T )Y (0) be the observed outcome, X be a vector of pretreatment variables
and π(x) = Pr{T = 1|X = x} be the propensity score. Under unconfoundedness and
overlap conditions similar to those in Example 3.1, we can write the following:

µ1 = E[γ0(X, 1)|T = 1] = E [α1(X,T )Y ] ,

where γ0(x, 1) = E[Y |X = x, T = 1], α1(x, t) = α1t, α1 =
1

E[π(X)]
. Thus, µ1 is an example

of our framework, where W = (X ′, T )′, γ0(w) = γ0(x, 1), m(w, γ) = γ(x, 1), and the RR
is α1(x, t). Similarly, for µ0, note:

µ0 = E[γ0(X, 0)|T = 1] = E [α0(X,T )Y ] ,

where γ0(x, 0) = E[Y |X = x, T = 0], and where the RR is α0(x, t) = α0(x)(1−t), α0(x) =
π(x)

E[π(X)](1−π(x))
.
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4 The estimator

Now, suppose a random sample {(Yi,W
′
i )

′}ni=1 of size n is drawn from P. Since θ0 =

E[α0(W )Y ], we can estimate θ0 using a BP estimator with some weight function α

θ̃BP (α) := En[α(W )Y ],

where En[f ] := En[f(W,Y )] := 1
n

∑n
i=1[f(Wi, Yi)] denotes the sample average of function

f . In this paper, we are concerned about selecting a weight function α that leads to
the least estimation error. We motivate our choice of weight function with the minimax
performance criterion.

Slightly abusing notations, hereafter let E[· ] := EPn [· ] be the expectation operator
under Pn, the sampling distribution of {(Yi,W

′
i )

′}ni=1. That is, from now on and including
in our asymptotic analysis, we treat data {(Yi,W

′
i )

′}ni=1 as a triangular array, where n

identically and independently distributed (i.i.d.) copies are drawn from the population
distribution P, and where n is growing. As a result, E[f(Wi, Yi)] = E[f(W,Y )] for each
i = 1 . . . n. Note that E[f(Wi, Yi)] should be understood as the expectation under the
sampling distribution, whereas E[f(W,Y )] refers to our expectation according to the
population distribution.

4.1 Approximate minimax optimality

From the definition of γ0 in (3.1), we can write the following expression:

Yi = γ0(Wi) + ei, E[ei|Wi = w] = 0, i = 1 . . . n. (4.1)

To illustrate the finite-sample property of our proposed estimator, assume for now that
E[e2i |Wi = w] = σ2 with some known constant σ2 > 0.5 Then, conditional on {Wi}ni=1,
the MSE of a BP estimator θ̃BP (α) with a fixed α is as follows:

MSEn(θ̃BP (α)) := E
[(

θ̃BP (α)− θ0

)2
|W1, . . . ,Wn

]
= bias2n(θ̃BP (α)) + varn(θ̃BP (α)),

where

biasn(θ̃BP (α)) = En[α(W )γ0(W )]− E[m(Wi, γ0)],

varn(θ̃BP (α)) =
σ2

n
En[α

2(W )].

5For the validity of the asymptotic property of the estimator analyzed in Section 5, we only require
supw∈W E[e2i |Wi = w] to be bounded from above uniformly for all i.
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Conditional on {Wi}ni=1, varn(θ̃BP (α)) is a known function of α, while biasn(θ̃BP (α))

depends on two unknown objects: γ0 and E[m(Wi, γ0)]. Ideally, we hope to evaluate the
performance of θ̃BP (α) according to its worst-case MSE:

MSEn(θ̃BP (α)) := sup
γ0∈H

[
bias2n(θ̃BP (α))

]
+ varn(θ̃BP (α)), (4.2)

where H is a general functional class to which γ0 belongs. However, evaluating MSEn(θ̃BP (α))

is complicated by two factors: first, even if we know H, we still do not know E[m(Wi, γ0)];
second, the functional space H is, in fact, unknown and must be prespecified by the re-
searcher.

In this paper, we advocate examining an approximate version of (4.2) in which we
first replace E[m(Wi, γ0)] with its sample counterpart, En[m(W, γ0)], and then choose H
as a sequence of finite dimensional linear spaces, Hb, which will be introduced shortly.
Replacing E[m(Wi, γ0)] with En[m(W, γ0)], we align our criterion (4.2) with the finite-
sample MSE criterion studied by Donoho (1994) and Armstrong and Kolesár (2018). See
Remark 4.1 for additional discussion on our connection to that study. Our choice of Hb

is motivated by the common practice among researchers who often use many controls or
technical terms to approximate γ0. Also see Remark 4.2 for additional discussion.

To proceed, let p(w) := (p1(w), p2(w), . . . , pk(w))
′ be a vector of k := k(n) terms

selected by the researcher. The linear span of p(w) is:

Θn :=
{
g : W 7→ R | g(w) = a′p(w), a ∈ Rk

}
.

Our treatment of p and Θn includes two cases frequently analyzed in the literature:

1. p(w) could be a vector of basis functions that the researcher specifies to approximate
γ0. In this case, Θn is a standard series (i.e., linear sieve) space found in the
literature on nonparametric estimation.

2. Alternatively, p(w) = (1, w′)′ is a scenario in which researchers work with many
controls and are willing to assume γ0 linear-in-controls. In this case, technical
terms are not necessarily involved.

Either way, we aim to select an estimator with low finite-sample MSE, if the true γ0

indeed lies in Θn. For a vector β = (β1, . . . βk)
′ ∈ Rk, let ∥β∥ = (

∑k
j=1 β

2
j )

1/2 be its l2

norm. Let

Hb :=
{
g : W 7→ R | g(w) = β′p(w), β ∈ Rk, ∥β∥ ≤ b, b < ∞

}
⊆ Θn, (4.3)

a small ball contained in Θn, where b is an l2 norm bound of the coefficient that the
researcher is willing to impose. We consider an approximate version of (4.2) defined as:
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AMSEn(θ̃BP (α)) := sup
γ0∈Hb

(En[α(W )γ0(W )]− En[m(W, γ0)])
2 +

σ2

n
En[α

2(W )] (4.4)

= b2 sup
γ0∈H1

(En[α(W )γ0(W )]− En[m(W, γ0)])
2 +

σ2

n
En[α

2(W )].

It follows that the BP estimator,

θ̃BP := θ̃BP (α̃) = En[α̃(W )Y ], (4.5)

where
AMSEn(θ̃BP ) ∈ min

α∈Θn

AMSEn(θ̃BP (α))

is our proposed approximate minimax optimal estimator. That is, θ̃BP minimizes AMSEn

among a class of BP estimators θ̃BP (α) with weight function α ∈ Θn.

Remark 4.1. Donoho (1994) and Armstrong and Kolesár (2018) developed a general
methodology to derive finite-sample optimal statistical decisions for a class of linear func-
tionals, including sample averages like En[m(Wi, γ0)]. Our criterion (4.4) is a special case
of that considered by Donoho (1994) and Armstrong and Kolesár (2018), although the
target parameter in our paper is the population average E[m(W, γ0)]. Armstrong and
Kolesár (2021) and Kallus (2020) applied the framework by Donoho (1994) and Arm-
strong and Kolesár (2018) to the minimax linear estimation of sample level treatment
effects. Their criterion is similar to (4.4), but with Hb replaced by a general convex
space, H, including a common smooth nonparametric functional class, and also including
our Hb as a special case. Part of their main results focus on particular functional classes.
Armstrong and Kolesár (2021) derived finite-sample and asymptotic results when H is a
class of Lipschitz continuous functions. Kallus (2020) considered a functional class simi-
lar to Hb but restricted the weight function, α, to only take nonnegative integer-multiple
weights with an upper bound. Hirshberg and Wager (2021) also considered a similar
criterion but focused on debiased estimators. As a result, Hirshberg and Wager (2021)
studied a case in which H should bound the error term from an initial estimate of γ0. Un-
like previous studies, our criterion AMSEn focuses on the finite dimensional linear space
Hb, when the weight function α takes values in Θn. Our criterion is also similar to the
setup considered by Li (1982), who derived a minimax linear estimator for a regression
function. We establish asymptotic results that, to the best of my knowledge, have not
yet been considered elsewhere.

Remark 4.2. If the researcher truly views γ0 as a nonparametric function, they can select
H as a nonparametric functional class (for example, by applying Armstrong and Kolesár,
2021). In contrast, our approach only considers the worst-case MSE when γ0 lies in Hb,
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which is the linear span of the selected basis functions or controls. Our treatment of Hb

follows the common practice among researchers who view γ0 as linear in parameters. For
example, Ferraz and Finan (2011) specified γ0 as linear in the controls. Our approach
then provides an estimator with a low MSE if the linear specification is correct. Even if γ0
is not linear in the raw controls, researchers often approximate γ0 via a linear function of
sieve terms constructed from the raw controls. In that case, the asymptotic theory often
requires a large number of sieve terms to undersmooth (see, e.g., Newey et al., 1998),
so that the approximation error of the estimator is of a smaller order than its variance
asymptotically. Our approach thus offers an estimator that mitigates the finite-sample
MSE that may be incurred due to undersmoothing.6 In Section 6.2, we compare the
performance of our estimator and that proposed by Armstrong and Kolesár (2021) in a
simulation study. We find that our estimator performs well even though it considers only
the MSE in Hb and not the whole space, H. The estimator by Armstrong and Kolesár
(2021) also performs competitively if the space H and the distance measure on W are
selected properly. Thus, our approach may be more attractive when researchers do not
have a clear perspective of either H or the distance measure.

4.2 Implementation

One advantage of focusing on Hb is that the associated minimax exercise is easy to solve.
Let λn := σ2

b2n
. It follows that the optimal weight function is equivalently characterized

as follows:

α̃ ∈ arg min
α∈Θn

{
supγ0∈H1

(En[α(W )γ0(W )]− En[m(W, γ0)])
2 + λnEn[α

2(W )]
}
. (4.6)

Let m(Wi, p) = (m(Wi, p1), . . .m(Wi, pk))
′ be a column vector for each i = 1 . . . n.

The following proposition further characterizes the minimax problem (4.6) as a minimum-
distance problem.

Proposition 4.1. For each α ∈ Θn,

sup
γ0∈H1

(En[α(W )γ0(W )]− En[m(W, γ0)])
2 = ∥En[m(W, p)− α(W )p(W )]∥2 .

By Proposition 4.1, the optimal weight α̃ can be computed as follows:

α̃ ∈ arg min
α∈Θn

∥En[m(W, p)− α(W )p(W )]∥2︸ ︷︷ ︸
minimum distance

+ λnEn[α
2(W )]︸ ︷︷ ︸

ridge-style penalty

 . (4.7)

6I would like to thank one of the referees for pointing this out.
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The first half of the objective function in (4.7) is the squared Euclidean distance, and the
second half is a ridge-style penalty in Θn. Interestingly, such a structure is similar to the
PSMD estimator examined in Chen and Pouzo (2012, 2015) but with an inherently dif-
ferent motivation. The result in (4.7) also agrees with earlier results derived by Li (1982),
who provided a similar characterization of the optimal linear weights in the context of
estimating a regression function. Therefore, our results in this section can be viewed as
a special case of Li (1982) applied to the average regression functionals, justifying the
ridge-style minimum-distance estimator as a finite-sample minimax estimator. Note that
the objective function in (4.7) is convex and continuously differentiable. From the first
order condition for (4.7), we can further derive the following analytic solution:

α̃ = p′ã,

Ĝ := En[p(W )p(W )′],

ã := (ĜĜ+ λnĜ)−ĜP̂ ,

P̂ := En[m(W, p)],
(4.8)

and (· )− denotes the Moore-Penrose inverse. By construction, when Ĝ is invertible,
ã = (ĜĜ + λnĜ)−1ĜP̂ = (Ĝ + λnI)

−1P̂ and α̃ is the unique solution of (4.7); when Ĝ

is not invertible, the set S := {a : a ∈ Rk and solves (4.7)} contains many solutions.
It follows from Harville (1998, Theorem 20.6.1) that ∥ã∥ = mina∈S ∥a∥. That is, ã is a
unique solution with a minimum l2 norm.7

Remark 4.3. If b2 is much larger than σ2, then λn will be very close to zero. The estimator
practically becomes one with no penalization. In general, if the ratio σ2

b2
∈ (0,∞), then λn

approaches zero at a rate of 1
n

as n becomes large. Since σ2

b2
is, in fact, an unknown object,

we recommend two practical methods to select λn. If the researcher views (4.7) as a PSMD
estimator, they can use a data-driven method to select λn (e.g., cross validation). If the
researcher views (4.7) as a finite-sample minimax estimator, we recommend conducting
a sensitivity analysis against a range of possible values of λn. For example, we can gauge
the magnitude of b by b̂, the l2 norm of the coefficient from regressing Yi on p(Wi). In
addition, σ2 can be estimated by the estimator σ̂2 from the residuals. We can then
explore how θ̃BP changes when λn takes different values in

[
Cσ̂2

nb̂2
, 1
C

σ̂2

nb̂2

]
, an interval for

which C > 0 is a scale number selected by the researcher.

Remark 4.4. Our analyses focus on BP estimators of form θ̃BP (α) = En[α(W )Y ], which
include many direct plug-in estimators of form θ̂DP (γ) := En[m(W, γ)] with some γ ∈ Θn.
For example, θ̂DP (γ̂B) with

γ̂B(w) := p(w)′β̂B, β̂B := BEn[p(W )Y ] (4.9)

7For asymptotic theory, our conditions always ensure that Ĝ converges to a positive definite matrix
with a probability approaching 1. Therefore, the discontinuity of the Moore–Penrose inverse at singular
values does not affect our asymptotic results.
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for some k × k matrix B is numerically equivalent to the BP estimator using α̂B(w) :=

p(w)′BP̂ . In particular, when B = G−, γ̂B becomes the least squares estimator:

γ̂LS(w) := p(w)′β̂LS, β̂LS := Ĝ−En[p(W )Y ]. (4.10)

As a result, θ̂DP (γ̂LS) is numerically equivalent to θ̃BP (α̂NR), where

α̂NR(w) = p(w)′Ĝ−P̂ (4.11)

is the series estimator for α0 proposed by Newey and Robins (2018).

5 Asymptotic results

This section studies the asymptotic properties of θ̃BP for some λn ≥ 0 not necessarily
equal to the ideal coefficient σ2

b2n
in the homoscedastic model discussed in Section 4.2.

We introduce the following notation. For a vector β = (β1, . . . βk)
′ ∈ Rk, let ∥β∥∞ :=

max1≤j≤k |βj|. For a function f : W 7→ R, let ∥f∥P,q :=
[∫

|f(w)|q dP(w)
]1/q

, 1 ≤ q ≤ ∞
denote its Lq(P) norm. In particular, ∥f∥P,∞ := supw∈W |f(w)|. For two sequences of
numbers, an and bn, an ∨ bn := max{an, bn}, an ∧ bn := min{an, bn}, and an ≲ bn means
that an ≤ cbn for some constant c that does not depend on n. Furthermore, Lnf denotes
the least squares projection of f ∈ H onto Θn. For example, Lnγ0 = β′

lp, where

βl := arg min
β∈Rk

E[γ0(Wi)− β′p(Wi)]
2

is the projection coefficient. Then, we can rewrite (4.1) as follows:

Yi = β′
lp(Wi) + uγ0i + ei, i = 1 . . . n,

where uγ0 := γ0−β′
lp is the least squares approximation error and uγ0i := γ0(Wi)−β′

lp(Wi).
We impose the following assumptions throughout this section.

Assumption O.

1. For each n,
{
(Yi,W

′
i )

′}n
i=1

are independently and identically distributed. The func-
tion m(w, · ) is linear in the sense of (3.2) and E[m2(Wi, γ0)] ≲ 1. The RR α0

exists, satisfies (3.4) and E[α2
0(Wi)] ≲ 1.

2. E[ei|Wi = w] = 0, supw∈W E[e2i |Wi = w] ≲ 1 for each i = 1 . . . n.

3. For each i = 1 . . . n and j = 1 . . . k, E[m2(Wi, pj)] ≲ E[p2j(Wi)], E[m2(Wi, uγ0)] ≲

Eu2
γ0i

.
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According to Assumption O(1), for each n, data
{
(Yi,W

′
i )

′}n
i=1

are n i.i.d. copies from
the population distribution P of (Y,W ′)′ and admit the sampling distribution denoted as
Pn. Note that our setup allows dW , the dimension of W , to be either fixed or growing. If
dW is fixed, then Assumption O(1) implies the standard array asymptotics. If the dimen-
sion of W is growing as n → ∞, then dW should be understood as dW,n, indexed by n. In
the latter case, the population distribution P should also be understood as being indexed
by n as well (i.e., P := Pn). In addition, the sampling distribution is more precisely de-
noted Pn := Pn

n. To reduce the notational burden, we do not differentiate between these
two cases. Assumption O(2) restricts the behavior of the first two conditional moments
of ei. The mean independence condition E[ei|Wi = w] = 0 is automatically satisfied by
the definition of γ0. We also assume that ei has a finite conditional variance, which is
standard but might be weakened by imposing higher unconditional moments for e and
W (see, e.g., Hansen (2015)). Assumption O(3) imposes a sufficient degree of continuity
on the structure of E[m2(Wi, · )]. If Assumption O(3) is not satisfied, then the functional
form of m(w, · ) might adversely affect the asymptotic performance of our estimator via
dpk :=

∑k
j=1 E[m2(Wi, pj)] and duk := E[m2(Wi, uγ0)]. As long as dpk

n
→ 0 and duk → 0

as n → ∞, we can still accommodate a remainder rate that is possibly slower than
that presented in Theorem 5.1 below. It is straightforward to see that Assumption O(3)
is satisfied in Examples 3.1, 3.2, 3.4 and 3.6 without additional regularity conditions.
Proposition 5.1 provides regularity conditions under which Assumption O(3) is met for
the other examples and the form of dpk and duk when the regularity conditions are not
satisfied.

Proposition 5.1. (i) In Example 3.3, Assumption O(3) is satisfied if: supw∈W |ω(w)| ≲

1, and there exists some constants C1 and C2 such that E
[(

∂pj(Wi)

∂W1

)2]
≤ C1E [pj(Wi)

2]

and E
[(

∂uγ0 (Wi)

∂W1

)2]
≤ C2E

[
u2
γ0
(Wi)

]
for all i = 1 . . . n, j = 1 . . . k. Otherwise,

dpk ≤ kmaxj∈{1...k} E
[(

ω(Wi)
∂pj(Wi)

∂W1

)2]
, duk = E

[(
ω(Wi)

∂uγ0 (Wi)

∂W1

)2]
.

(ii) In Example 3.5, Assumption O(3) is satisfied if: supz∈Z |ω(z)| ≲ 1, and there exists

some constants C3 and C4 such that E
[(∫ r1

r0
pj(r̃, Zi)dr̃

)2]
≤ C3E [pj(Wi)

2] and

E
[(∫ r1

r0
uγ0(r̃, Zi)dr̃

)2]
≤ C4E

[
u2
γ0
(Wi)

]
for all i = 1 . . . n, j = 1 . . . k. Otherwise,

dpk ≲ (supw∈W ∥p(w)∥)2, and duk ≲
(
∥uγ0∥P,∞

)2
.

We now introduce an essential but standard condition on the basic quality of the
approximating term, p.

Assumption S.
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1. All eigenvalues of G := E[p(Wi)p(Wi)
′] are bounded from above and away from zero

uniformly over all n, k, and i;

2. There exist some vectors βb, ab ∈ Rk and finite constants rγ0 , rα0 such that

supw∈W |γ0(w)− β′
bp(w)| = rγ0 ; supw∈W |α0(w)− a′bp(w)| = rα0 .

Assumption S(1) requires that p should not be too collinear or grow too quickly,
similar to Chen and Pouzo (Assumption C.1(iii), 2012) and Belloni et al. (Condition A.2,
2015).8 Assumption S(2) imposes mild restrictions on the approximation quality of the
linear span Θn. Note that both rγ0 and rα0 depend on k but we omit indexing by k for
notational simplicity. If rγ0 → 0 as k → ∞, then we say that γ0 is correctly specified;
If rγ0 ↛ 0 as k → ∞, then we say that γ0 is mis-specified. The correct specification
and mis-specification of α0 are defined analogously. For example, if p is a vector of basis
functions, we often assume that γ0 and α0 are within a Hölder smoothness class of order
s. It follows that rγ0 = k−ηγ , rα0 = k−ηα for some non-negative constants ηγ and ηα that
depend on s, dW and p. See DeVore and Lorentz (1993); Newey (1997); Chen (2007),
among others, for more details on the approximation results with various basis functions.
For another example, if researchers work with a linear specification where p is a vector
of controls not involving technical terms, they have implicitly assumed rγ0 = 0, as in the
case of Ferraz and Finan (2011).

Assumption P. λn = o
(

1√
n

)
.

Assumption P imposes asymptotic order on penalty coefficient λn. Recall that if
we view our estimator as a finite-sample minimax estimator in a homoscedastic model,
then λn = σ2

b2n
. That is, λn should diminish to zero at rate O( 1

n
) (see also Remark 4.3).

However, for the validity of the asymptotic results in Theorems 5.1 and 5.2, we only
require λn to be o

(
1√
n

)
. Thus, Assumption P allows λn to converge to zero much more

slowly than that required by the finite sample minimax optimality.

5.1 Asymptotic remainder rate

For any estimator θ̂, we can mechanically write

√
n(θ̂ − θ0) =

√
nEnϕ+Rn, (5.1)

where ϕi := ϕ(Wi, ei) := m(Wi, γ0) + α0(Wi)ei − θ0, (5.2)

8For example, if p is a vector of basis functions, Assumption S(1) is satisfied if p is orthonormal with
respect to the Lebesgue measure and the density of Wi is bounded away from zero and from above.
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and call Rn the remainder term. Since Enϕ is an average of i.i.d. mean zero random
variables,

√
nEnϕ

d→ N(0,Eϕ2
i ) under suitable conditions. Thus, for any estimator θ̂, if

we can show that its remainder term Rn = op(1), then θ̂ is said to be asymptotically linear
and normal. Many estimators can achieve asymptotic normality under some conditions.
To further select between those estimators, Newey and Robins (2018) proposed finding
one such that Rn

p→ 0 as quickly as possible as n → ∞. In this section, we derive
the asymptotic distribution of θ̃BP when k

n
→ 0 (up to log terms), which enables us to

compare the asymptotic quality of our estimator with others in the literature.
Let ξk = supw∈W ∥p(w)∥ (Newey, 1997). Also, we define the following:

ℓk := sup

(
∥Lnf∥P,∞
∥f∥P,∞

: ∥f∥P,∞ ̸= 0, f ∈ H

)
,

where H := {g + a′p : g ∈ H, a ∈ Rk}. As shown by Huang (2003); Belloni et al.
(2015); Chen and Christensen (2015), for certain basis functions, ℓk exploits the stability
properties of the projection and enables us to impose weaker requirements on the growth
rate of k. We now demonstrate the following rate conditions.

Assumption L. ξ2k log k

n
= o(1),

√
nrα0rγ0 = o(1), rα0 = o(1), (∥α0∥P,∞ ∧ ℓk)rγ0 = o(1).

To make sense of Assumption L, suppose the support of W is compact and that we
choose a spline or wavelet series as a basis function. It follows that ξk ≲

√
k and ℓk ≲ 1.

Then, Assumption L becomes as follows:

k log k

n
= o(1),

√
nrα0rγ0 = o(1), rγ0 = o(1), rα0 = o(1), (5.3)

which is the weakest known condition in the literature such that Rn = op(1) in (5.1)
(Robins et al., 2009; Newey and Robins, 2018). Note that (5.3) allows k

n
= o(1) up to

the log k term.

Theorem 5.1. Suppose Assumptions O, S, P and L hold true and ξ2k√
n
rγ0 = o(1). Then

(i)
√
n(θ̃BP − θ0) =

1√
n

∑n
i=1 ϕi +Op

(
ξ2k√
n
rγ0

)
.

(ii)
√
n {E[ϕ2

i ]}
− 1

2 (θ̃BP − θ0)
d→ N(0, 1) as n → ∞ if in addition:

Eϕ2
i is uniformly bounded away from zero for all i and n. (5.4)

Theorem 5.1(i) states that θ̃BP is
√
n consistent and has a remainder rate Op

(
ξ2k√
n
rγ0

)
.

Since Assumption O guarantees that Eϕ2
i ≲ 1,

√
n estimation of θ0 is possible. In the

context of estimating the average treatment effect, we effectively rule out any situation
with limited overlap. As a counterexample, if there exists some x ∈ X such that Pr{Ti =
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1|Xi = x} can become arbitrarily small, then Eϕ2
i can be infinite (Khan and Tamer,

2010). In such a scenario, Assumption O(1) is violated, 1√
n

∑n
i=1 ϕi can diverge and

√
n-

consistent estimators of θ0 might not even exist. Our paper does not involve that case.
Theorem 5.1(ii) says that θ̃BP is

√
n normal if we additionally impose (5.4). This is a

technical condition to accommodate the situation in which dW is growing as n → ∞
and E[ϕ2

i ] is indexed by n as a result. Without (5.4), the normalization term {E[ϕ2
i ]}

− 1
2

can go to infinity as n becomes large. Thus, (5.4) ensures that the remainder terms are
still op(1) after normalization. If dW is fixed, (5.4) can be dropped, and our estimator
becomes, in fact, semiparametrically efficient.

Compared to the minimal rate condition, Assumption L, we additionally need ξ2k√
n
rγ0 =

o(1). This additional requirement stems from controlling the own-observation bias or
overfitting bias of form

√
nEn[(α̃ − α0)uγ0 ]. In Lemma D.6, we show that this own-

observation bias term consists of two parts not converging under Assumption L: a non-
linear approximation bias E[(m(W,p)−α0p)′Gpuγ0 ]/√n of order O(

ξ2k√
n
rγ0) and a bilinear estima-

tion error
√
n (En[m(W, p)− α0p])

′
(
Ĝ−1 −G

)
En[puγ0 ] of order Op

(
ξ3k

√
log k

n
rγ0

)
resulting

from estimating G by Ĝ.

Remark 5.1. It is useful to compare our asymptotic result with other similar ones in the
literature. Recall the direct plug-in estimator θ̂DP (γ̂LS) in Remark 4.4. Let Il, l = 1 . . . L

be a partition of the sample index set {1, . . . n} divided into L distinct subsets of about
equal size. An L−fold cross-fitted direct plug-in estimator is defined as follows:

θ̂CFDP (γ̂LS) :=
1

n

L∑
l=1

∑
i∈l

m(Wi, γ̂
l
LS),

where γ̂l
LS is the least squares estimator using only observations not in Il. Recall the

influence function ϕi defined in (5.2). By making use of the moment condition E[ϕi] = 0,
Newey and Robins (2018) considered a doubly cross-fitted debiased estimator as follows:

θ̂DCFD(α̂NR, γ̂LS) :=
1

n

L∑
l=1

∑
i∈l

[m(Wi, γ̂
l
LS) + α̂l

NR(Wi)(Yi − γ̂l
LS(Wi))],

where α̂l
NR is the series estimator defined in (4.11) but only uses observations not in Il.

Newey and Robins (2018) showed that with certain basis functions

√
n(θ̂CFDP − θ0) =

√
nEnϕ+Op

(
rγ0

k√
n

)
,

√
n(θ̂DCFD − θ0) =

√
nEnϕ+Op

(
rγ0

k2

n3/2

)
.
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Therefore, upon choosing a suitable basis function, the remainder rate of our estimator
is as fast as θ̂CFDP but it is slower than θ̂DCFD.9

Remark 5.2. One might be tempted to debias θ̃BP in the hope of improving the asymptotic
remainder rate. Let γ̂ ∈ Θn be some estimator of γ0. A debiased version of θ̃BP (without
cross-fitting) is:

θ̂D(α̃, γ̂) := En[m(W, γ̂) + α̃(W )(Y − γ̂(W ))].

However, in our framework, θ̂D(α̃, γ̂) actually does not improve the asymptotic perfor-
mance of θ̃BP . Specifically, we may write the following:

√
n(θ̂D − θ0) =

√
nEnϕ+Rn(θ̂D),

where Rn(θ̂D) is the remainder of θ̂D. In general, Rn(θ̂D)/ ξ2k√
n
rγ0

p↛ 0, implying that the
remainder of θ̂D will not converge to zero more quickly than the remainder of θ̃BP . To
see this, note that the remainder of θ̃BP has a structure as follows:

Rn(θ̃BP ) = Rn,1(θ̃BP ) +Rn,2(θ̃BP ), where

Rn,1(θ̃BP ) =
√
nEn [α̃γ0 −m(W, γ0)] ,

Rn,2(θ̃BP ) =
√
nEn [(α̃− α0) e] ,

while the remainder of θ̂D can be decomposed as:

Rn(θ̂D) = Rn,1(θ̂D) +Rn,2(θ̂D), where

Rn,1(θ̂D) =
√
nEn[α̃(γ0 − γ̂)−m(W, (γ0 − γ̂))]

Rn,2(θ̂D) = Rn,2(θ̃BP ).

That is, θ̃BP and θ̂D share the same variance term (Rn,2(θ̂D) = Rn,2(θ̃BP )) and only
differ in the main bias terms (Rn,1(θ̃BP ) v.s. Rn,1(θ̂D)). If Assumptions O, S, P and L
hold true, we can decompose the following:

Rn,1(θ̃BP ) =
√
nEn[α̃Lnγ0 −m(W,Lnγ0)]︸ ︷︷ ︸

An

+
√
nEn[(α̃− α0)uγ0 ]︸ ︷︷ ︸

Bn

+ op(1),

Rn,1(θ̂D) =
√
nEn [α̃(Lnγ0 − γ̂)−m (W, (Lnγ0 − γ̂))]︸ ︷︷ ︸

Cn

+
√
nEn[(α̃− α0)uγ0 ]︸ ︷︷ ︸

Bn

+ op(1).

It turns out that An
p→ 0 and Bn converges to zero more slowly than An. Thus, the

9We note that cross-fitted plug-in and doubly cross-fitted debiased estimators in Newey and Robins
(2018) can meet the minimal requirement (5.3) only in special cases in which the Holder orders of α0

and γ0 are low enough and p is a Haar basis function. Doubly cross-fitted debiased estimators can also
meet minimal requirements if the functional is the expected conditional covariance.
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overall remainder rate of θ̃BP is determined by term Bn. In contrast, θ̂D has a different
remainder bias term Cn, but still faces the same remainder term Bn. By selecting a
suitable estimator, γ̂ ∈ Θn, to debias, one can show that Cn

p→ 0. But in general, the
term Bn remains, even for the debiased estimator. Thus, term Bn also determines the
overall remainder rate of θ̂D. Since the remainder rates of both θ̃BP and θ̂D depend on
term Bn, θ̂D will not perform better than θ̃BP asymptotically, in general.

We conclude this section by presenting a simple, consistent estimator for the asymp-
totic variance by making use of α̃ and γ̂LS. Other consistent estimators of γ0 can also be
considered, and similar conditions can be established accordingly.

Theorem 5.2. Let

Ω̂ =
∣∣∣En [m(W, γ̂LS) + α̃(W )(Y − γ̂LS(W ))]2 − θ̃2BP

∣∣∣ , (5.5)

where γ̂LS is defined in (4.10). Suppose all conditions of Theorem 5.1 and the following
conditions hold:

(i) For each γ = β′p ∈ Θn where ∥β∥ < ∞, E[m2(Wi, γ)] ≲ E[γ2(Wi)].

(ii) ∥γ̂LS − γ0∥P,∞ = op(1).

(iii) for some q > 0, E
[
|ei|2+q] < ∞ and ξ

2+q
q

k

√
log k
n

= o(1).

Then,
√
n
[
Ω̂
]− 1

2
(θ̃BP − θ0)

d→ N(0, 1).

Condition (i) in Theorem 5.2 plays a similar role to that of Assumption O(3) and
can be verified in a similar fashion. The uniform consistency condition ∥γ̂LS − γ0∥P,∞ =

op(1) can be verified by additional preliminary conditions. For example, when dW is
fixed, Belloni et al. (2015, Theorem 4.3) and Chen and Christensen (2015, Lemma 2.4)
established an optimal sup-norm convergence for γ̂LS, allowing k

n
→ 0 up to log terms. It

is also possible to relax the uniform consistency requirement by imposing higher moment
conditions for basis functions (see Hansen 2015). Moreover, we see a trade-off between
the existence of higher moments for ei and the growth rate restrictions on k. For example,
if E[e4i ] < ∞, we additionally need ξ2k

√
log k
n

→ 0. Thus, a consistent estimation of the
variance demands that k must grow even more slowly. Notice that we do not require
∥α̃− α0∥P,∞ = op(1).

5.2
√
n normality with many-regressor asymptotics

Another nice asymptotic property of θ̃BP is that it can still achieve
√
n normality with

many regressors in the sense that k
n

< 1 but does not diminish to 0. To work with
many-regressor asymptotics, we first present a new set of rate conditions.
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Assumption M.

1. ξ2k
n
≤ 1, rγ0 = o( 1√

n
), rα0 = O(1), (∥α0∥P,∞ ∧ ℓk)rγ0 = o(1);

2. All eigenvalues of Ĝ are bounded away from zero with a probability approaching one
(wpa1);

3. λn = o
(

1√
n log k

)
.

Assumption M is the counterpart of Assumptions L and P when we allow k to grow
proportionally to the sample size. Note that Assumption M(1) allows α̃ to be inconsis-
tent and even mis-specified. A key condition that makes such a relaxation possible is
rγ0 = o( 1√

n
). If p is treated as a vector of basis functions, it requires that γ0 be super-

smooth. If, in instead, the researcher works with many controls not necessarily involving
technical terms, then rγ0 = o( 1√

n
) is directly satisfied by imposing a linear-in-control

specification for γ0. Assumption M(2) is similar to the first condition in Cattaneo et al.
(Assumption 2, 2018b). In Lemma C.5, we provide a sufficient condition for Assumption
M(2), which requires that ξ2k

n
converges to a constant strictly less than 0.38 (up to log

terms). Compared to Assumption P, Assumption M(3) requires λn to converge to zero
slightly more quickly than o( 1√

n
). This is still a mild condition on the penalty term, but

it allows us to control key remainder terms even though ξ2k
n
↛ 0.

Theorem 5.3. Suppose Assumptions O, S and M hold true. Let σ2
α̃ := En [α̃

2(W )E[e2|W ]]

and σ2
m := E[m2(Wi, γ0)]− θ20. In addition, suppose

(i) uniformly over all i, k, and n, supw∈W E
[
|ei|3 |Wi = w

]
≲ 1, infw∈W E [e2i |Wi = w]

is bounded away from zero, ∥α0∥2P,2 − r2α0
is bounded away from zero;

(ii) σ2
m

σ2
m+σ2

α̃
converges in probability to some constant v ∈ (0, 1).

Then, as n → ∞,
√
n(σ2

m + σ2
α̃,n)

−1/2
(
θ̃BP − θ0

)
d→ N(0, 1).

Remark 5.3. Theorem 5.3 establishes
√
n normality of θ̃BP without strong convergence

conditions for nuisance parameters, cross-fitting, or debiasing. We reiterate that Theorem
5.3 allows both k

n
< 1 and α0 to be mis-specified. Suppose that researchers select p as a

vector of series terms. When the support of W is compact, we can choose spline or wavelet
series as basis functions such that ξk ≲

√
k and ℓk ≲ 1. It follows that Assumption M(1)

becomes k
n
≲ 1, rγ0 = o( 1√

n
) and rα0 = O(1). If the researchers work with many controls,

they often specify γ0(w) = β′p(w), where p(w) = (1, w′)′, implying rγ0 = 0. If W is
compactly supported, all we need for Assumption M(1) to hold is k

n
≲ 1 and rα0 = O(1).

Conditions (i) and (ii) in Theorem 5.3 are standard and mild regularity conditions.
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Remark 5.4. To establish Theorem 5.3, we first note that even if α̃ is not consistent, we
can still write:

√
n(σ2

m + σ2
α̃)

−1/2
(
θ̃BP − θ0

)
=

√
n(σ2

m + σ2
α̃)

−1/2En[α̃(W )e+m(W, γ0)− θ0],

+ (σ2
m + σ2

α̃)
−1/2Rn,1(θ̃BP ).

Then, we derive several useful intermediate results: {En [α̃
2(W )]}−1

= Op(1) (Lemma
C.2), Rn,1(θ̃BP ) = op(1) (Lemma C.3) and maxi|α̃(Wi)|/√n = op(1) (Lemma C.4). With these
results, we can show that the remainder (σ2

m + σ2
α̃)

−1/2Rn,1(θ̃BP ) is still op(1), and that
the main term is asymptotically normal by studying the convergence of its characteristic
function and invoking the Berry–Esseen inequality.

6 Simulation studies

6.1 Estimation of population mean with missing data

In this section, we assess the finite-sample performance of θ̃BP with a small, fixed penalty
when the object of interest is the population mean in Example 3.1. Our data-generating
process follows Kang et al. (2007). Let

U := {U1, U2, U3, U4}′ (6.1)

be a vector of four random variables from multivariate standard normal distribution
N(0, I4). The outcome variable Y ∗ is:

Y ∗ = 210 + 27.4U1 + 13.7U2 + 13.7U3 + 13.7U4 + e,

where e follows a standard normal distribution and is independent of U . The parameter
of interest is E[Y ∗] = 210. We generate the true propensity score as follows:

π(u) = Pr {T = 1|U = u} = Λ(−u1 + 0.5u2−0.25u3−0.1u4), (6.2)

where Λ(· ) := exp(·)
1+exp(·) . This mechanism produces a mean response rate of 0.5. The

observed outcome is Y = TY ∗. We do not observe U directly. Instead, we only observe
X := {X1, X2, X3, X4}′, where

X1 := exp

(
U1

2

)
, X2 :=

U2

1 + exp(U1)
+ 10, X3 :=

(
U1U3

25
+ 0.6

)3

, X4 := (U2 + U4 + 20)2.

(6.3)
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A random sample of size n = 200 is drawn from observables {Y, T,X ′}′. Our estimator
is then θ̃BP = En[α̃(X)TY ], where α̃(x) = ã′p(x),

ã =
[
ĜT ĜT + λnĜT

]−
ĜT P̂ , ĜT := En[Tp(X)p′(X)], P̂ = En[p(X)]. (6.4)

6.1.1 Baseline results with mild selection bias

We first choose B-splines as basis functions and let k gradually increase from 5 to 121,
including 11 cases with k

n
growing from 0.025 to 0.605. We also ensure that the basis

functions involving all the X variables are included from the beginning, even when k is
small. This simulates a situation in applied research in which the data contains mild
selection bias and the researchers try out various technical terms. I compare the perfor-
mance of the following three BP estimators: (1) our estimator, θ̃BP , with a small fixed
penalty λn = 0.002; (2) the Newey Robins (NR) estimator in which the RR is computed
by (4.11); and (3) the “Simple Ridge” (SR) estimator in which the RR is computed with
coefficient ãSR = (ĜT ĜT + λnI)

−ĜT P̂ , with λn = 0.002. The performance of a simple
sample average estimator when α0 is known is also reported. The biases and the root
mean square errors (RMSE) of these estimators after 10,000 experiments are collected in
Table 2 and Figure 6.1. Empirical coverage probabilities of these estimators when the
variance is estimated using (5.5) are reported in Table 3.

6.1.2 Comparison with debiased estimators with no cross-fitting

Now, we compare the finite-sample performance of θ̃BP with that of various debiased
estimators. I focus on three popular debiased estimators involving the estimation of
propensity scores: (1) one in which the regression function and propensity score are
estimated using (generalized) linear methods without selection; (2) one in which the
regression function and propensity score are estimated using post lasso; and (3) one in
which regression function and propensity score are estimated using lasso. Basis functions
and simulation specifications are the same as in Section 6.1.1. We only examine cases
with smaller k

n
ratios for which we know that these debiased estimators would perform

relatively well.10 The results are reported in Figure 6.2. As we can see clearly, in terms of
the RMSE, the debiased estimators either perform strictly worse than or similar to θ̃BP .

10Otherwise, when k
n is too large, the fitted propensity scores of 0 or 1 would occur for the debiased

estimators without selection, and convergence would also not be guaranteed for the algorithm of lasso,
even after maximum iterations.
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6.1.3 Comparison with doubly cross-fitted debiased estimators

We continue to investigate the performance and computational cost of θ̃BP versus several
doubly cross-fitted debiased estimators. As a benchmark, Panel A of Table 4 reports
the RMSE and computational cost (in terms of system time for a common laptop) of
θ̃BP after 1,000 experiments. We consider the three debiased estimators used in Section
6.1.2 but with L-fold cross-fitting, where L = 2 and 4. Because cross-fitting reduces
the effective number of observations available for each estimate of the propensity score,
doubly cross-fitted debiased estimators involving propensity scores are more likely to be
affected by extreme propensity score weights. Following Chernozhukov et al. (2018),
we trim the propensity scores at 0.01 and 0.99. The simulation results are reported in
Panel B of Table 4. We also examine whether it possible to improve the performance of
θ̃BP by directly debiasing θ̃BP and with cross-fitting. A doubly cross-fitted and debiased
version of θ̃BP is θ̂DCFD(α̃, γ̂), where α̃ is defined in (4.8), and γ̂ is some estimator of γ0.
Specifically, we consider γ̂ to be the OLS, lasso, and post lasso estimators, respectively.
The performance of θ̂DCFD(α̃, γ̂) is reported in Panel C of Table 4.

From Table 4, it is clear that most doubly cross-fitted estimators, in fact, perform
worse than θ̃BP and take much longer to compute. While some doubly cross-fitted esti-
mators can improve the performance of θ̃BP when k

n
is relatively small, the improvement

in RMSE is quite limited and comes at a greater computational cost. For example, when
k
n
= 0.045, debiasing θ̃BP with 2-fold cross-fitting and lasso can reduce the RMSE of

θ̃BP from 5.5 to 4.6, but it takes almost 1.2 minutes to compute for 1,000 simulations as
opposed to less than 3 seconds for the case of θ̃BP . Therefore, even though cross-fitted
debiased estimators enjoy superior asymptotic properties, they may incur considerable
finite-sample MSE and could be less robust to the number of basis functions chosen by
the researcher.

6.1.4 Robustness check

Considerable bias We now simulate a situation in applied research in which the data
might contain considerable bias. To do so, in the beginning, we only use X4 to construct
B-spline basis functions. Thus, relatively severe bias exists in the specification. Then, we
gradually add more and more basis functions involving all of the other relevant regressors
(X3, X2, X1) to alleviate bias. This creates a total of 10 cases with k growing from 5 to
121. The bias and RMSE of θ̃BP after 10,000 experiments are collected Figure 6.3.

Choice of basis functions Instead of using B-splines, we also construct basis functions
with orthogonal polynomials. As the dimensional restrictions on polynomials are stricter,
we only consider nine possible scenarios where k grows from 5 to 70 and k

n
increases from
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0.025 to 0.35. The results of θ̃BP are reported in Figure 6.4 and Table 5.

Choice of λn Finally, I check the sensitivity of θ̃BP to the choice of λn. The setup is
the same with baseline results using B-splines, but λn ranges from 0 to 0.005. Results
after 10,000 simulations are collected in Figure 6.5.

6.2 Comparison to Armstrong and Kolesár (2021)

In this section, we compare the performance of our proposed estimator with that of
Armstrong and Kolesár (2021) in the context of estimating the average treatment effect
on the treated, a special case of Example 3.6. Let U be defined in (6.1) and {e1, e0} be
mutually independent standard normal random variables that are also independent of U .
The two potential outcome variables are generated as follows:

Y (1) = 210 + 20U1 − 10U2 + 5U3 + 2U4 + e1,

Y (0) = 100 + 10U1 − 5U2 + 2.5U3 + U4 − e0.

The true propensity score follows the specification in (6.2). Again, we do not observe U

directly but only its transformed version X as defined in (6.3). A random sample of size
n = 200 is drawn from (Y, T,X ′)′. We are interested in estimating θ0 = µ1 − µ0, where
µ1 = E[Yi(1)|Ti = 1] and µ0 = E[Yi(0)|Ti = 1]. In this example, we may calculate the
true value of θ0 as 104.7809.

To apply our method, let p(x) be a vector of basis functions. Then, our estimator for
the average treatment effect on the treated is:

θ̃BP = µ̃1,BP − µ̃0,BP ,

where µ̃1,BP = En[α̃1(X)TY ] is our proposed estimator for µ1, µ̃0,BP = En[α̃0(X)(1−T )Y ]

is our proposed estimator for µ0, and

α̃1(x) = p′(x)ã1, ã1 = (ĜT ĜT + λ1,nĜT )
−P̂T ,

α̃0(x) = p′(x)ã0, ã0 = (Ĝ1−T Ĝ1−T + λ0,nĜ1−T )
−P̂T ,

where P̂T := 1
n1

∑n
i=1 p(Xi)Ti, n1 :=

∑n
i=1 Ti, ĜT := 1

n

∑n
i=1 p(Xi)p(Xi)

′Ti, Ĝ1−T :=
1
n

∑n
i=1 p(Xi)p(Xi)

′(1 − Ti), and λ1,n, λ0,n are penalty coefficients. For simplicity, I set
λ1,n = λ0,n = 0.002 in all simulations. The results with B-splines are reported in the left
half of Table 6.

To apply Armstrong and Kolesár (2021), we need to pick a norm ∥· ∥X on X and the
Lipschitz smoothness constant C. Armstrong and Kolesár (2021) considered the weighted
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lp norm of the form

∥X∥A,p =

dim(X)∑
j=1

|AjjXj|p
 1

p

,

where A is a diagonal matrix. As argued in Armstrong and Kolesár (2021), the selection
of Ajj should incorporate the relative importance of different pretreatment variables in
explaining the outcome variable. Since here such prior knowledge is unclear, we first try
p = 1 and fix Ajj = 1 for all j for simplicity. We also consider an alternative norm that
avoids such prior knowledge, where p = 2 and Ajj = 1

std(Xj)
, as suggested by Abadie

and Imbens (2011). For each of the two norms specified above, I set C ∈ {1, 2, 4, 8}.
The simulation results are reported in the right half of Table 6, which also includes the
performance of the nearest-neighbor matching estimator, which is optimal when C is
large enough.

As we can see from Table 6, our proposed method still works very well and is very
robust to the number of basis functions used. The performance of the method in Arm-
strong and Kolesár (2021) seems to be more sensitive to the choice of the norm and the
smoothness constant C: if we select Ajj = 1 with p = 1, their performance is consider-
ably dominated by our estimator. We see a much more competitive performance from
the estimator of Armstrong and Kolesár (2021) once we switch to the weighted l2 norm
suggested by Abadie and Imbens (2011) and choose a larger C. Therefore, compared to
Armstrong and Kolesár (2021), our estimator may be more convenient for practitioners
to implement. Our estimator only has one tuning parameter (λn), and our theoretical
analysis implies that for most scenarios, it suffices to select a small fixed number. On the
other hand, for many applied problems, researchers may lack a clear prior on what is a
suitable norm and smoothness bound to use for the estimator in Armstrong and Kolesár
(2021).
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Table 2: Bias and RMSE using B-splines, 10,000 simulations, λn = 0.002, mild bias

Model k k
n

NR θ̃BP SR
Bias RMSE Bias RMSE Bias RMSE

(1) 5 0.025 -0.6404 3.3775 -3.8049 4.8548 -12.0300 12.4907
(2) 9 0.045 -3.0948 4.7457 -4.5542 5.3889 -9.8147 10.3187
(3) 13 0.065 -2.0888 4.2762 -4.9485 5.8034 -11.3977 11.8625
(4) 17 0.085 -2.4118 11.1004 -5.1964 6.0223 -12.0436 12.5116
(5) 21 0.105 -1.7891 17.7536 -5.2546 6.0873 -10.9903 11.4777
(6) 33 0.165 -4.8446 14.8438 -5.2335 6.0627 -11.7762 12.2495
(7) 51 0.255 -3.5531 16.5214 -5.1723 5.9932 -11.2596 11.7459
(8) 61 0.305 -0.4233 14.8353 -5.1933 6.0162 -11.3621 11.8633
(9) 85 0.425 -0.6467 15.3074 -5.1013 5.9352 -11.3714 11.8766
(10) 109 0.545 -0.3799 14.4902 -5.0826 5.9193 -11.3699 11.8769
(11) 121 0.605 -0.4192 14.7215 -5.0849 5.9207 -11.3696 11.8768
(12) Naive average -10.0458 10.6347
(13) α0 known 0.1584 23.6996

Figure 6.1: Bias and RMSE using B-splines, 10,000 simulations, λn = 0.002, mild bias
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Table 3: Coverage probability using B-splines, 10,000 simulations, λn = 0.002, mild bias

Model k k
n

NR θ̃BP SR
5% 1% 5% 1% 5% 1%

(1) 5 0.025 0.9348 0.9833 0.8946 0.9753 0.3695 0.7945
(2) 9 0.045 0.8053 0.9214 0.7262 0.8766 0.3904 0.7309
(3) 13 0.065 0.8613 0.9462 0.7666 0.9125 0.3313 0.7094
(4) 17 0.085 0.8959 0.9708 0.8090 0.9257 0.4267 0.7491
(5) 21 0.105 0.9236 0.9795 0.8408 0.9382 0.5631 0.8249
(6) 33 0.165 0.9268 0.9822 0.8271 0.9431 0.4721 0.7927
(7) 51 0.255 0.9008 0.9755 0.8455 0.9365 0.5887 0.8450
(8) 61 0.305 0.9317 0.9851 0.8854 0.9561 0.6234 0.8755
(9) 85 0.425 0.9113 0.9791 0.9266 0.9674 0.7394 0.9211
(10) 109 0.545 0.8831 0.9651 0.9450 0.9755 0.7926 0.9402
(11) 121 0.605 0.8805 0.9630 0.9460 0.9740 0.8013 0.9404
(13) α0 known 0.9342 0.9772

Figure 6.2: Bias and RMSE using B-splines and debiased estimators, mild bias, 10,000
simulations
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Table 4: RMSE and computational cost of our estimator and other doubly cross-fitted
debiased estimators, 1,000 simulations

Panel A: θ̃BP , λn = 0.002, no cross-fitting
k
n

RMSE system time

0.025 4.9237 2.67 sec
0.045 5.4901 2.65 sec
0.065 5.8963 3.58 sec
0.085 6.0958 4.16 sec
0.105 6.1550 4.19 sec

Panel B: doubly cross-fitted debiased estimators involving propensity score and trimming

k
n

RMSE system time RMSE system time RMSE system time
no selection lasso selection post lasso selection

2-fold 2-fold 2-fold

0.025 13.2045 4.49 min 9.9478 50.2 sec 45.2243 51.44 sec
0.045 14.2425 1.91 hour 5.2478 1.35 min 32.7772 38.05 sec
0.065 16.2825 38.48 min 5.0133 2.49 min 23.2493 1.02 min
0.085 29.5419 24.39 min 8.7302 32.71 min 35.8430 1.80 min
0.105 110.0712 1.37 hour 6.6776 54.25 min 41.5275 48.94 min

k
n

no selection lasso selection post lasso selection
4-fold 4-fold 4-fold

0.025 10.6002 50.78 min 10.1280 1.41 min 41.4212 56.29 sec
0.045 11.7668 19.06 min 5.4883 2.48 min 31.1395 1.20 min
0.065 12.3803 18.41 min 5.1988 4.58 min 15.0702 1.97 min
0.085 15.6855 41.67 min 6.1865 8.84 min 32.2416 3.25 min
0.105 31.1820 1.14 hour 5.1956 11.27 min 27.0850 1.58 hour

Panel C: doubly cross-fitted debiased estimators involving α̃

k
n

RMSE system time RMSE system time RMSE system time
no selection lasso selection post lasso selection

2-fold 2-fold 2-fold

0.025 4.2077 7.95 sec 4.1646 37.63 sec 4.3908 25.69 sec
0.045 6.0349 7.94 sec 4.5939 1.18 min 4.6477 29.71 sec
0.065 9.0701 8.80 sec 5.5366 2.22 min 6.3778 51.80 sec
0.085 39.991 10.57 sec 7.8443 21.73 min 9.9836 1.64 min
0.105 912.32 10.85 sec 6.8910 8.88 min 31.3642 14.35 min

k
n

no selection lasso selection post lasso selection
4-fold 4-fold 4-fold

0.025 3.5657 12.33 sec 13.7139 1.16 min 14.495 38.13 sec
0.045 4.9074 13.33 sec 13.6422 2.11 min 14.649 54.18 sec
0.065 4.8337 13.87 sec 11.3418 4.05 min 12.5208 1.65 min
0.085 15.2616 14.57 sec 13.3563 8.47 min 14.6055 2.88 min
0.105 37.146 16.62 sec 9.3996 9.80 min 11.5159 9.73 min
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Figure 6.3: Bias and RMSE using B-splines, 10,000 simulations, λn = 0.002, considerable
bias
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Figure 6.4: Bias and RMSE using orthogonal polynomials, 10,000 simulations, λn =
0.001, mild bias
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Figure 6.5: Sensitivity of θ̃BP to λn using B-splines, mild bias
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Table 5: Coverage probability using orthogonal polynomials, 10,000 simulations, λn =
0.001, mild bias

Model k k
n

NR θ̃BP SR
5% 1% 5% 1% 5% 1%

(1) 5 0.025 0.9348 0.9833 0.8204 0.9608 0.4500 0.8310
(2) 9 0.045 0.8053 0.9214 0.6998 0.8679 0.2881 0.6472
(3) 15 0.075 0.8940 0.9664 0.7557 0.9269 0.4021 0.7750
(4) 25 0.125 0.9351 0.9901 0.9211 0.9813 0.7308 0.9307
(5) 35 0.175 0.9296 0.9906 0.9295 0.9808 0.7601 0.9341
(6) 45 0.225 0.9482 0.9936 0.9576 0.9867 0.8536 0.9608
(7) 55 0.275 0.9572 0.9946 0.9560 0.9869 0.8570 0.9605
(8) 65 0.325 0.9575 0.9964 0.9614 0.9886 0.8626 0.9648
(9) 70 0.35 0.9559 0.9955 0.9586 0.9871 0.8622 0.9616
(11) α0 known 0.9342 0.9772
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Table 6: Bias and RMSE in estimating the average treatment effect on the treated,
1,000 simulations
Our estimator (B splines, λn = 0.002) Armstrong and Kolesár (2021)
k k

n
|bias| RMSE ∥· ∥A,p C |bias| RMSE

5 0.025 4.6602 5.0058

Ajj = 1, p = 1

1 8.1998 8.5390
9 0.045 2.6975 3.0706 2 8.0529 8.4048
13 0.065 2.4269 2.7920 4 8.0090 8.3654
17 0.085 2.5393 2.9052 8 7.9951 8.3525
21 0.105 2.3435 2.7238 16 7.9913 8.3493
33 0.165 2.3533 2.7348

Ajj =
1

std(Xj)
, p = 2

1 5.8555 6.1749
51 0.255 2.2447 2.6229 2 4.3170 4.6725
61 0.305 2.8367 3.2482 4 3.6031 3.9782
85 0.425 2.1222 2.5109 8 3.3579 3.7355
109 0.545 2.1061 2.4945 16 3.2876 3.6670
121 0.605 2.1011 2.4887 nearest neighbor 3.2658 3.6455

Appendix
Notations

For a vector a = (a1, a2 · · · , ak)′ ∈ Rk, m(w, a) = (m(w, a1),m(w, a2) · · · ,m(w, ak))
′

is a k−dimensional column vector. Let ∥a∥ := (
∑k

j=1 a
2
j)

1/2, ∥a∥1 :=
∑k

j=1 |aj| and
∥a∥∞ := max1≤j≤k |aj| denote the l2, l1 and sup norms of vector a, respectively. For
a function f : W 7→ R, let ∥f∥P,q :=

[∫
|f(w)|q dP(w)

]1/q
, 1 ≤ q ≤ ∞ denote its

Lq(P) norm. In particular, ∥f∥P,∞ := supw∈W |f(w)|. For a generic function f , de-
note En[f ] := En[f(W )] := 1

n

∑n
i=1[f(Wi)], and ∥f∥n := {En[f ]

2}1/2. For a square matrix
A = {aij}ki,j=1, let λmax(A), λmin(A) and tr(A) be its largest eigenvalue, smallest eigen-
value and trace, respectively. Thence let ∥A∥ :=

√
λmax(A′A) be its spectral norm. If

A is symmetric, ∥A∥ = maxi |λi(A)|. For a set A, |A| denotes its cardinality. 1{· } is
the indicator function. For two sequences of numbers an and bn, an ∨ bn := max{an, bn},
an ∧ bn := min{an, bn}; an ≲ bn means an ≤ cbn for some constant c that does not de-
pend on n. Bold 0 denotes a k dimensional vector of 0s. Also, recall γ0 = Lnγ0 + uγ0 ,
where Lnγ0 = β′

lp is the least square projection of γ0 onto Θn, βl is the projection co-
efficient and uγ0 is the projection error. Analogously, we may write α0 = Lnα0 + uα0 ,
where Lnα0 = a′lp. To simplify notation, let uγ0i := γ0i − β′

lpi, uα0i := α0i − a′lpi, where
pi := p(Wi), γ0i := γ0(Wi), α0i := α0(Wi), i = 1 . . . n.
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A Proofs of main results

Proof of Proposition 4.1

Let (I) = supγ0∈H1
(En[α(W )γ0(W )]− En[m(W, γ0)])

2, (II) = ∥En[m(W, p)− α(W )p(W )]∥2.
By the linearity of m(w, ·), Cauchy-Schwarz inequality and the definition of H1:

(I) ≤ sup∥β∥≤1 ∥β∥
2 ∥En[α(W )p(W )−m(W, p)]∥2

≤ ∥En[α(W )p(W )−m(W, p)]∥2 = (II). (A.1)

Next, let Eα,n = En[α(W )p(W )−m(W, p)]. Then,

(I) = sup∥β∥≤1 β
′Eα,nE ′

α,nβ ≥ sup∥β∥=1 β
′Eα,nE ′

α,nβ = λmax(Eα,nE ′
α,n) ≥ ∥Eα,n∥2 = (II),

(A.2)

where the last inequality follows since ∥Eα,n∥2 is one of the eigenvalues of matrix Eα,nE ′
α,n.

To see this, let Eα,nE ′
α,nv = λv for some λ ≥ 0 and v ∈ Rk. Premultiplying both sides by

Eα,n yields
(
∥Eα,n∥2 − λ

)
E ′
α,nv = 0. Therefore, ∥Eα,n∥2 must be one of the eigenvalues of

Eα,nE ′
α,n. Combining (A.1) and (A.2) yields the conclusion.

Proof of Theorem 5.1

Proof of statement (i) Note θ̃BP may be decomposed as follows:

√
nEn[θ̃BP − θ0] =

√
nEnϕ+Rn,1(θ̃BP ) +Rn,2(θ̃BP ),

where

Rn,1(θ̃BP ) =
√
nEn [α̃(W )γ0(W )−m(W, γ0)] , Rn,2(θ̃BP ) =

√
nEn [(α̃(W )− α0(W )) e] .

Furthermore, Rn,1(θ̃BP ) = T1 + T2, where

T1 =
√
nEn[α̃(W )Lnγ0(W )−m(W,Lnγ0)], T2 = En[α̃(W )uγ0 −m(W,uγ0)],

and T2 = T21 + T22, where

T21 =
√
nEn[(α̃(W )− α0(W ))uγ0 ], T22 =

√
nEn [α0(W )uγ0 −m(W,uγ0)] .

Under Assumptions O, S, P and L, Lemma B.1 shows Rn,2(θ̃BP ) = op(1). Lemma B.2
shows T1 = op(1). Lemma B.3 establishes T22 = op(1). Under Assumptions O, S, P, L
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and if ξ2k√
n
rγ0 = o(1), Lemma B.4 shows T21 = Op

(
ξ2k√
n
rγ0

)
= op(1). Statement (i) follows.

Proof of statement (ii) Note we can write the following:

√
n{E[ϕ2

i ]}−
1
2 (θ̃BP −θ0) =

√
n{E[ϕ2

i ]}−
1
2Enϕ+{E[ϕ2

i ]}−
1
2Rn,1(θ̃BP )+{E[ϕ2

i ]}−
1
2Rn,2(θ̃BP ).

Since Eϕ2
i is uniformly bounded away from zero for all i and n, {E[ϕ2

i ]}−
1
2 = O(1). Thus, it

still holds that {E[ϕ2
i ]}−

1
2Rn,1(θ̃BP ) + [E[ϕ2

i ]]
− 1

2 Rn,2(θ̃BP )
p→ 0 by statement (i). To show

√
n{E[ϕ2

i ]}−
1
2Enϕ

d→ N(0, 1), we can apply central limit theorem for i.i.d. data (e.g.,
Lindeberg–Lévy central limit theorem). Final conclusion follows from the continuous
mapping theorem.

Proof of Theorem 5.2

Since
√
nΩ̂− 1

2 (θ̃BP−θ0) =
(

E[ϕ2
i ]

Ω̂

) 1
2 √

n (E[ϕ2
i ])

− 1
2 (θ̃BP−θ0) and

√
n (E[ϕ2

i ])
− 1

2 (θ̃BP−θ0)
d→

N(0, 1) by Theorem 5.1, continuous mapping theorem implies that it suffices to show
Ω̂

p→ E[ϕ2
i ]. To this end, note Theorem 5.1 implies θ̃BP

p→ θ0. Thus, we can decompose:

En [m(W, γ̂LS) + α̃(W )(Y − γ̂LS(W ))]2 − E [m(Wi, γ0) + α0(Wi)(Yi − γ0(Wi))]
2 ≤ J1 + J2,

where

J1 := En [m(W, γ̂LS) + α̃(W )(Y − γ̂LS(W ))]2 − En [m(W, γ0) + α0(W )(Y − γ0(W ))]2 ,

J2 := En [m(W, γ0) + α0(W )(Y − γ0(W ))]2 − E [m(Wi, γ0) + α0(Wi)(Yi − γ0(Wi))]
2 .

By continuous mapping theorem, it suffices to show that both J1 and J2 are op(1). Note
that J2 = op(1) by Assumption O and weak law of large numbers. Then, it suffices to
bound J1. Let φ̂i := m(Wi, γ̂LS)+α̃(Wi)(Yi−γ̂LS(Wi)) and φi := m(Wi, γ0)+α0(Wi)(Yi−
γ0(Wi)). Therefore, we can write J1 = J11+J12, where J11 := 2En[φ(φ̂−φ)], J12 := En[φ̂−
φ]2. By Cauchy-Schwarz inequality, |J11| ≤ 2[Enφ

2]1/2{En[φ̂ − φ]2}1/2. Since we have
shown that En[φ

2]
p→ E[φ2

i ], Enφ
2 = Op(1). If we can further show En[φ̂ − φ]2 = op(1),

then J11 = op(1) and J12 = op(1). To this end, note En[φ̂− φ]2 ≲ Ξ1 + Ξ2 + Ξ3, where

Ξ1 := En[m
2(W, γ̂LS − γ0)], Ξ2 := En[α̃(W )(γ̂LS(W )− γ0(W ))]2,

Ξ3 := En[(α̃(W )− α0(W ))2e2].

By Lemma B.6, all three terms above are op(1), leading to the desired conclusion.
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Proof of Theorem 5.3

Note we may write the following:

√
n(σ2

m + σ2
α̃)

−1/2
(
θ̃BP − θ0

)
=

√
n(σ2

m + σ2
α̃)

−1/2En[α̃(W )e+m(W, γ0)− θ0],

+ (σ2
m + σ2

α̃)
−1/2Rn,1(θ̃BP ),

where Rn,1(θ̃BP ) =
√
nEn [α̃(W )γ0(W )−m(W, γ0)]. By Lemma C.2, {En [α̃

2(W )]}−1
=

Op(1). By Lemma C.4, maxi|α̃(Wi)|/√n = op(1). Thus, applying Lemma C.1 yields the
following:

√
n(σ2

m + σ2
α̃,n)

−1/2En[α̃(W )e+m(W, γ0)− θ0]
d→ N(0, 1), as n → ∞.

Furthermore, by Lemma C.3, Rn,1(θ̃BP ) = op(1). Also note that (σ2
m + σ2

α̃,n)
−1 ≤ 1

σ2
α̃,n

≲

{En [α̃
2(W )]}−1

= Op(1). Thus, the remainder term (σ2
m + σ2

α̃,n)
−1/2Rn,1(θ̃BP ) = op(1) as

well. The conclusion follows.

B k
n → 0 asymptotics

Additional lemmas supporting Theorem 5.1

Lemma B.1. If Assumptions O, S, P and L hold true, then

Rn,2(θ̃BP ) =
√
nEn [(α̃(W )− α0(W )) e] = op(1).

Proof. We may write Rn,2(θ̃BP ) =
√
nEn [(ã− al) p(W )e] +

√
nEn [uα0e]. To bound the

first term, apply Lemma D.8 with Aj(Wn) = (ã − al)
′p(Wj), j = 1 . . . n, where Wn =

{Wi}ni=1. Note that 1
n

∑n
j=1[(ã − al)

′p(Wj)]
2 = (ã − al)

′Ĝ(ã − al) ≤ ∥ã− al∥2
∥∥∥Ĝ∥∥∥ =

op(1) by Lemmas D.2 and B.5. Thus, Lemma D.8 implies
√
nEn [(ã− al) p(W )e] =

op(1). For the second term, note that supw∈W E[e2i |Wi = w] ≲ 1 by Assumption O(2),
and that E[u2

α0i
] ≤ r2α0

by Lemma D.1(ii). Markov inequality and Assumption L yield
√
nEn [uα0e] = Op(rα0) = op(1).

Lemma B.2. If Assumptions O, S, P and L hold true, then T1 =
√
nEn[α̃(W )Lnγ0(W )−

m(W,Lnγ0)] = op(1).

Proof. Plugging Lnγ0 = β′
lp and α̃ = p′(ĜĜ+ λnĜ)−ĜP̂ in T1 yields the following:

|T1| =
√
n
∣∣∣β′

l

(
Ĝ(ĜĜ+ λnĜ)−Ĝ− I

)
P̂
∣∣∣ .

≤
√
n ∥βl∥

∥∥∥Ĝ(ĜĜ+ λnĜ)−Ĝ− I
∥∥∥∥∥∥P̂∥∥∥ ,

41



where the second line follows from Cauchy-Schwarz inequality. By Lemma D.1(iv), ∥βl∥ =

O(1). By Lemma D.3 and Assumption L,
∥∥∥P̂∥∥∥ = Op(1) and

∥∥∥Ĝ(ĜĜ+ λnĜ)−Ĝ− I
∥∥∥ =

op(
1√
n
), as λn = o( 1√

n
) (Assumption P) and 1

λmin(Ĝ)
= Op(1) (Lemma B.5). Thus, T1 =

√
nop

(
1√
n

)
Op(1) = op (1).

Lemma B.3. If Assumptions O and S hold true and
(
ℓk ∧ ∥α0∥P,∞

)
rγ0 = o(1), then

T22 =
√
nEn [α0(W )uγ0 −m(W,uγ0)] = Op

[(
ℓk ∧ ∥α0∥P,∞

)
rγ0

]
= op(1).

Proof. Note that E[α0iuγ0i −m(Wi, uγ0)] = 0. Thus, the following holds:

E [α0iuγ0i −m(Wi, uγ0)]
2 ≲ E [α0iuγ0i]

2 + E[m2(Wi, uγ0)] ≲ E
[
α2
0iu

2
γ0i

]
,

where the first inequality follows from triangle inequality and the second inequality follows
from Assumption O. Also, note either E

[
α2
0iu

2
γ0i

]
≲ ∥uγ0∥

2
P,∞ ≲ ℓ2kr

2
γ0

by E [α2
0i] ≲ 1 and

Lemma D.1(iii), or E
[
α2
0iu

2
γ0i

]
≤ ∥α0∥2P,∞ ∥uγ0∥

2
P,2 ≤ ∥α0∥2P,∞ r2γ0 by Lemma D.1(ii). Then,

Markov inequality implies T22 = Op

[(
ℓk ∧ ∥α0∥P,∞

)
rγ0

]
= op(1).

Lemma B.4. If Assumptions O, S, P and L hold true and ξ2k√
n
rγ0 = o(1), then T21 =

√
nEn[(α̃(W )− α0(W ))uγ0 ] = Op

(
ξ2k√
n
rγ0

)
= op(1).

Proof. We may write T21 =
√
nEn

[
(ã− al)

′ p(W )uγ0

]
+

√
nEn[uα0uγ0 ], where the first

term is op(1) by Lemma B.5. For the second term, note the following decomposition:

√
nEn[uα0uγ0 ] =

√
nEn[uα0uγ0 − E[uα0iuγ0i]] +

√
nE[uα0iuγ0i],

where the first term is op(1) by Markov inequality and Assumption L, and the second
term is o(1) by Assumption L. The conclusion follows.

Lemma B.5. Suppose Assumptions O, S, P and L hold true and ξ2k√
n
rγ0 → 0.Then:

(i) λmin(Ĝ) is bounded away from zero wpa1.

(ii) ∥ã− al∥ = op(1) , ∥ã∥ = Op(1), and
√
nEn

[
(ã− al)

′ p(W )uγ0

]
= Op(

ξ2k√
n
rγ0 +

√
nrα0rγ0) = op(1).

Proof. Applying Tropp (2015, Theorem 5.1.1), we find that P{λmin(Ĝ) ≤ 0.5λmin(G)} ≤
exp{log k[1− 0.25λmin(G)

2ξ2k log k/n
]} → 0 since ξ2k log k

n
→ 0 and λmin(G) is bounded away from zero.

Thus, wpa1 λmin(Ĝ) is bounded away from zero. Statement (ii) follows from Lemmas D.4
and D.5.
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Additional lemmas supporting Theorem 5.2

Lemma B.6. If the conditions of Theorem 5.2 hold true, then:

(i) En[m
2(W, γ̂LS − γ0)] = op(1);

(ii) En [α̃(W )(γ̂LS − γ0)]
2 = op(1);

(iii) En [(α̃(W )− α0(W ))2e2] = op(1).

Proof. Statement (i). Note that β̂LS = Ĝ−En[p(W )Y ]. By the linearity of m(w, · ) and
the triangle inequality,

En[m
2(W, γ̂LS − γ0)] ≲ En

[
m2
(
W, (β̂LS − βl)

′p
)]

+ En

[
m2(W,uγ0)

]
.

First, by weak law of large numbers, En[m
2(W,uγ0)]

p→ E[m2(Wi, uγ0i)] ≲ Eu2
γ0i

≲ r2γ0 =

op(1). Second, by the linearity of m(w, · ),

En

[
m2
(
W, (β̂LS − βl)

′p
)]

≤
∥∥∥β̂LS − βl

∥∥∥2 supβ∈Sk−1 Enm
2(W,β′p),

where Sk−1 := {a ∈ Rk| ∥a∥ = 1}. Since
∥∥∥β̂LS − βl

∥∥∥ = op(1) by Belloni et al. (2015,
Thereom 4.1), it remains to show that supβ∈Sk−1 Enm

2(W,β′p) = Op(1). Note the follow-
ing holds:

supβ∈Sk−1 Enm
2(W,β′p) ≤ Ξ11 + Ξ12,

where

Ξ11 := supβ∈Sk−1

[
Enm

2(W,β′p)− Em2(Wi, β
′p)
]
, Ξ12 := supβ∈Sk−1

[
Em2(Wi, β

′p)
]
.

By condition (i) of Theorem 5.2 and S(1), Ξ12 ≲ supβ∈Sk−1

{
E [β′p(Wi)]

2} = λmax(G) ≲ 1.
To show that Ξ11 = op(1), we invoke Newey (1991, Corollary 2.2). Compactness is
satisfied since β ∈ Sk−1. Pointwise convergence follows from weak law of large numbers
and Ξ12 ≲ 1. It remains to verify Assumption 3A. Let m(β) := m(w, β′p). Then for each
β1, β2 ∈ Sk−1,

∣∣Enm
2 (β1)− Enm

2 (β2)
∣∣ ≤ 2

[
Enm

2 (β2)
]1/2 [Enm

2 (β1 − β2)
]1/2

+ Enm
2 (β1 − β2) .

By Pointwise convergence, it holds that Enm
2(β2)

p→ Em2(β2) = O(1), and

Enm
2 (β1 − β2)

p→ Em2 (β1 − β2) ≲ E [(β1 − β2)
′p(Wi)]

2 ≲ λmax(G) ∥β1 − β2∥2 ,
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where the second relation is by condition (i) of Theorem 5.2. Thus, |Enm
2(β1)− Enm

2(β2)| ≤
Op(1) ∥β1 − β2∥ and Assumption 3A is satisfied. Applying Newey (1991, Corollary 2.2)
yields Ξ11 = op(1).

Statement (ii). We note that En [α̃(W )(γ̂LS(W )− γ0(W ))]2 ≤ ∥γ̂LS − γ0∥2P,∞ En[α̃
2(W )] =

op(1)Op(1) = op(1), as En[α̃
2(W )] = ã′Ĝã ≤ ∥ã∥2

∥∥∥Ĝ∥∥∥ = Op(1) by Lemmas D.2, B.5, and
∥γ̂LS − γ0∥P,∞ = op(1).

Statement (iii). We may write that En [(α̃(W )− α0(W ))2e2] ≲ Ξ31 + Ξ32, where

Ξ31 := En

[
((ã− al)

′p(W ))
2
e2
]
, Ξ32 := En

[
u2
γ0
e2
]
.

By weak law of large numbers and Assumption O, Ξ32
p→ E

[
u2
γ0i
ei

2
]
≲ E[u2

γ0i
] = op(1).

Next, we show Ξ31 = op(1) as well. Note the following:

Ξ31 = (ã− al)
′En

[
p(W )p(W )′e2

]
(ã− al) ≤ ∥ã− al∥2

∥∥En

[
p(W )p(W )′e2

]∥∥ .
Since ∥ã− al∥ = op(1) by Lemma B.5, it suffices to show ∥En [p(W )p(W )′e2]∥ = Op(1).
By the triangle inequality,

∥∥En

[
p(W )p(W )′e2

]∥∥ ≤
∥∥En

[
p(W )p(W )′e2

]
− E

[
p(Wi)p(Wi)

′e2i
]∥∥+∥∥E [p(Wi)p(Wi)

′e2i
]∥∥ ,

where the first term is op(1) by Chen and Christensen (2015, Lemma 3.1), and the second
term is bounded as ∥E [p(Wi)p(Wi)

′e2i ]∥ ≲ supa∈Sk−1 E [(a′p(Wi))
2] = ∥G∥ ≲ 1.

C Many-regressor asymptotics

Lemma C.1 is a new result that may be invoked to establish the asymptotic distribution
of θ̃BP when k

n
≤ 1.

Lemma C.1. Suppose Assumption O and the following conditions hold:

(i) [Enα̃
2(W )]

−1
= Op(1);

(ii) maxi|α̃(Wi)|/√n = op(1);

(iii) infw∈W E [e2i |Wi = w] is bounded away from zero and supw∈W E
[
|ei|3 |Wi = w

]
≲ 1

uniformly over all i and n;

(iv) σ2
m

σ2
m+σ2

α̃
converges in probability to some constant v ∈ (0, 1), where σ2

α̃ = En [α̃
2(W )E[e2|W ]],

σ2
m = E[m2(Wi, γ0)]− θ20.

Then, the following holds:

√
n(σ2

m + σ2
α̃)

−1/2En[α̃(W )e+m(W, γ0)− θ0]
d→ N(0, 1), as n → ∞.
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Proof. Let Gn :=
√
n(σ2

m + σ2
α̃)

−1/2En[α̃(W )e + m(W, γ0) − θ0]. Also let ϕGn(t) be the
characteristic function of Gn and ϕ(t) := e−

1
2
t2 be the characteristic function of a standard

normal random variable. To prove the conclusion, it suffices to show that |ϕGn(t)−ϕ(t)| →
0, as n → ∞ for each t. Notice

ϕGn(t) = E exp{it
√
n(σ2

m + σ2
α̃)

−1/2En[α̃(W )e+m(W, γ0)− θ0]}

= E exp{it
√
n(σ2

m + σ2
α̃)

−1/2En[α̃(W )e]} exp{it
√
n(σ2

m + σ2
α̃)

−1/2En[m(W, γ0)− θ0]}

= E expDn,1 expDn,2,

where

Dn,1 = {it
√
n(σ2

m + σ2
α̃)

−1/2En[α̃(W )e]},

Dn,2 = {it
√
n(σ2

m + σ2
α̃)

−1/2En[m(W, γ0)− θ0]}.

Let Z1 and Z2 be i.i.d. standard normal also independent of Wn := {Wi}ni=1. It follows
that:

|ϕGn
(t)− ϕ(t)| = |E expD1

nD2
n − e−

1
2 t

2

|

≤

∣∣∣∣∣E expDn,1 expDn,2 − E exp

{
it

(
σ2
α̃

σ2
m + σ2

α̃

)1/2

Z1

}
expDn,2

∣∣∣∣∣ (C.1)

+

∣∣∣∣∣E exp

{
it

(
σ2
α̃

σ2
m + σ2

α̃

)1/2

Z1

}
expDn,2 − E exp

{
it

(
σ2
α̃

σ2
m + σ2

α̃

)1/2

Z1

}
exp

{
it

(
σ2
m

σ2
m + σ2

α̃

)1/2

Z2

}∣∣∣∣∣
(C.2)

+

∣∣∣∣∣E exp

{
it

(
σ2
α̃

σ2
m + σ2

α̃

)1/2

Z1

}
exp

{
it

(
σ2
m

σ2
m + σ2

α̃

)1/2

Z2

}
− e−

1
2 t

2

∣∣∣∣∣ . (C.3)

In the following steps we show all three terms above are o(1) and the conclusion follows
accordingly.

Step 1: bound term (C.1). Note the following:

(C.1) =
∣∣∣E expDn,2

{
exp{it

√
n(σ2

m + σ2
α̃)

−1/2Enα̃(W )e} − exp{it(σ2
m + σ2

α̃)
−1/2σα̃Z1}

}∣∣∣
≤E |expDn,2|

∣∣∣E [exp{it√n(σ2
m + σ2

α̃)
−1/2Enα̃(W )e} − exp{it(σ2

m + σ2
α̃)

−1/2σα̃Z1} | Wn

]∣∣∣
≤E

∣∣∣∣∣E
[
exp

{
it

(
σ2
α̃

σ2
m + σ2

α̃

)1/2 √
nσ−1

α̃ Enα̃(W )e

}
− exp

{
it

(
σ2
α̃

σ2
m + σ2

α̃

)1/2

Z1

}
| Wn

]∣∣∣∣∣ ,
where the first inequality is by LIE and second inequality follows from the properties of
a characteristic function. If we can show that for any s ∈ R,∣∣∣∣∣P
{
√
n

(
σ2
α̃

σ2
m + σ2

α̃

)1/2

σ−1
α̃ Enα̃(W )e ≤ s|Wn

}
− P

{(
σ2
α̃

σ2
m + σ2

α̃

)1/2

Z1 ≤ s|Wn

}∣∣∣∣∣ = op(1),

(C.4)
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then the dominated convergence theorem implies that (C.1) = o(1).
Step 2: show (C.4) holds for any s ∈ R. Note that conditional on Wn,

(C.4) =
∣∣P{√nσ−1

α̃ Enα̃(W )e ≤ sσ−1
α̃ (σ2

m + σ2
α̃,n)

1/2|Wn} − P{Z1 ≤ sσ−1
α̃ (σ2

m + σ2
α̃)

1/2|Wn}
∣∣

≤ supt∈R

∣∣∣∣∣P
(

n∑
i=1

Ui ≤ t|Wn

)
− P(Z1 ≤ t)

∣∣∣∣∣ , (C.5)

where Ui = n−1/2σ−1
α̃ α̃(Wi)ei. Since E[Ui|Wn] = 0 for all i and

n∑
i=1

V ar (Ui|Wn) = 1,

{Ui}ni=1 are mean zero and independent conditional on Wn. It follows that:

(C.5) ≲
n∑

i=1

E
[
|Ui|3 |Wn

]
≲ σ−3

α̃ n−3/2
n∑

i=1

|α̃(Wi)|3

≲

[
1

n

n∑
i=1

α̃2(Wi)

]−3/2

n−3/2
n∑

i=1

|α̃(Wi)|3 =
maxi |α̃(Wi)|√

n

[
1

n

n∑
i=1

α̃2(Wi)

]−1/2

= op(1),

where the first inequality is by Berry-Esseen inequality, the second inequality is by
supw∈W E

[
|ei|3 |Wi = w

]
≲ 1, the third inequality is by infw∈W E [e2i |Wi = w] bounded

away from zero, and the final relation is according to conditions (i) and (ii).
Step 3: bound term (C.2).

(C.2) =

∣∣∣∣∣E exp

{
it

(
σ2
α̃

σ2
m + σ2

α̃

)1/2

Z1

}{
expDn,2 − exp

{
it

(
σ2
m

σ2
m + σ2

α̃

)1/2

Z2

}}∣∣∣∣∣
=

∣∣∣∣∣E
{
E

[
exp

{
it

(
σ2
α̃

σ2
m + σ2

α̃

)1/2

Z1

}
|Wn

]
E

[
expDn,2 − exp

{
it

(
σ2
m

σ2
m + σ2

α̃

)1/2

Z2

}
|Wn

]}∣∣∣∣∣
≤

∣∣∣∣∣E
[
exp

{
it

(
σ2
m

σ2
m + σ2

α̃

)1/2√
nσ−1

m En[m(W,γ0)− θ0]

}
− exp

{
it

(
σ2
m

σ2
m + σ2

α̃

)1/2

Z2

}]∣∣∣∣∣ ,
(C.6)

where the second relation is by LIE and conditional independence, the third relation is

due to E
[
exp

{
it
(

σ2
α̃

σ2
m+σ2

α̃

)1/2
Z1

}
|Wn

]
= exp

{
−1

2

σ2
α̃

σ2
m+σ2

α̃
t2
}
≤ 1 and LIE.

Step 4: show (C.6) = o(1). This follows from
√
nσ−1

m En[m(W, γ0) − θ0]
d→ Z2 ac-

cording to Lindeberg-Lévy central limit theorem, σ2
m

σ2
m+σ2

α̃

p→ v ∈ (0, 1), and the continuous
mapping theorem.

Step 5: show (C.3) = o(1). Since σ2
m

σ2
m+σ2

α̃
converges to some constant, and Z1 and Z2

are i.i.d. standard normal, it follows by the continuous mapping theorem that:(
σ2
α̃

σ2
m + σ2

α̃

)1/2

Z1 +

(
σ2
m

σ2
m + σ2

α̃

)1/2

Z2
d→ N(0, 1),

46



i.e.,

(C.3) =

∣∣∣∣∣E exp

{
it

[(
σ2
α̃

σ2
m + σ2

α̃

)1/2

Z1 +

(
σ2
m

σ2
m + σ2

α̃

)1/2

Z2

]}
− e−

1
2
t2

∣∣∣∣∣ = o(1).

Lemma C.2. If the conditions of Theorem 5.3 hold true, then:

(i) ∥ã∥−1 = Op(1);

(ii) {En [α̃
2(W )]}−1

= Op(1).

Proof. Statement (i). Let K = {1 . . . k} be the index set of p(w) = {p1(w), . . . , pk(w)}′,
and K̃ ⊆ K be some index set such that its cardinality

∣∣∣K̃∣∣∣ = k̃. Denote pK̃(w) as a

vector of k̃ basis functions selected by K̃: pK̃j (w) = pj(w) if and only if j ∈ K̃. Select a

K̃ such that k̃ → ∞ and
ξ2
k̃

n
→ 0. Denote ãK̃ :=

(
ĜK̃ĜK̃ + λnĜ

K̃
)−

ĜK̃En[m(W, pK̃)],

where ĜK̃ := En[p
K̃(W )pK̃(W )′]. Since ∥ã∥ ≥

∥∥∥ãK̃∥∥∥ by construction, it suffices to show∥∥∥ãK̃∥∥∥−1

= Op(1). Note we may write α0 = LK̃
n α0 + uK̃

αo
, where LK̃

n α0 = pK̃′aK̃l is the

least square projection using pK̃ , aK̃l is the projection coefficient and uK̃
α0

is the projection
error. And we may write ãK̃ = M̂ K̃

1 + M̂ K̃
2 , where

M̂ K̃
1 := ãK̃ − aK̃l , M̂ K̃

2 := aK̃l .

Thus, to show
∥∥∥ãK̃∥∥∥−1

= Op(1), it suffices to show that
∥∥∥M̂ K̃

2

∥∥∥ is bounded away from

zero and
∥∥∥M̂ K̃

1

∥∥∥ = op(1). First, by construction, the conditions of Lemma D.4 are met.

Therefore, Lemma D.4 implies
∥∥∥M̂ K̃

1

∥∥∥ = op(1). Next, we show that
∥∥∥M̂ K̃

2

∥∥∥ is bounded

away from zero. To this end, note by construction and Assumption S, E[pK̃(Wi)p
K̃(Wi)

′]

has eigenvalues bounded from above and away from zero as well. It follows that:∥∥∥aK̃l ∥∥∥2 ≳ ∥∥∥LK̃
n α0

∥∥∥2
P,2

= ∥α0∥2P,2 −
∥∥∥uK̃

α0

∥∥∥2
P,2

≥ ∥α0∥2P,2 −
(
rK̃α0

)2
, (C.7)

where the first relation is because
∥∥∥LK̃

n α0

∥∥∥2
P,2

≤
∥∥∥aK̃l ∥∥∥2 λmax

{
E
[
pK̃(Wi)p

K̃(Wi)
′
]}

, the

second relation is by Pythagoras’ theorem and the last relation is by Lemma D.1(ii).

Therefore,
∥∥∥aK̃l ∥∥∥2 is bounded away from zero as ∥α0∥2P,2 − r2α0

is bounded away from zero
uniformly over all k and n by assumption. The conclusion follows.

Statement (ii). Since all eigenvalues of Ĝ are bounded away from zero wpa1 by
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assumption, λ−1
min

(
Ĝ
)
= Op(1). Also, by statement (i), ∥ã∥−1 = Op(1). Thus,

[
Enα̃

2(W )
]−1

=
[
ã′Ĝã

]−1

≤ ∥ã∥−2 λ−1
min

[
Ĝ
]
= Op(1).

Lemma C.3. If the conditions of Theorem 5.3 hold true, then Rn,1(θ̃BP ) = op(1).

Proof. We may still decompose Rn,1(θ̃BP ) = T1 + T21 + T22, where

T1 =
√
nEn[α̃(W )Lnγ0(W )−m(W,Lnγ0)],

T21 =
√
nEn[(α̃(W )− α0(W ))uγ0 ],

T22 =
√
nEn[α0(W )uγ0 −m(W,uγ0)].

Similar to Lemma B.2, we bound

|T1| =
√
n
∣∣∣β′

l

(
Ĝ(ĜĜ+ λnĜ)−Ĝ− I

)
P̂
∣∣∣

≤
√
n ∥βl∥

∥∥∥Ĝ(ĜĜ+ λnĜ)−Ĝ− I
∥∥∥∥∥∥P̂∥∥∥

=
√
n ∥βl∥

∥∥∥(Ĝ+ λnI)
−1Ĝ− I

∥∥∥∥∥∥P̂∥∥∥ .
By Lemma D.1(iv), ∥βl∥ = O(1). Applying Lemma D.3, we can show that

∥∥∥P̂∥∥∥ =

Op(
ξ2k log k

n
+

√
ξ2k log k

n
+1), and

∥∥∥(Ĝ+ λn)
−1Ĝ− I

∥∥∥ = Op(
λn

λmin(Ĝ)
) = Op(λn) = op

(
1√

n log k

)
by Assumption M. Then, the following holds:

T1 =
√
nOp

(
ξ2k log k

n
+

√
ξ2k log k

n
+ 1

)
op

(
1√

n log k

)
= op (1) .

For T21, note that it still holds T21 =
√
nEn

[
(ã− al)

′ p(W )uγ0

]
+

√
nEn[uα0uγ0 ], where

under the stated conditions,
√
nEn[uα0uγ0 ] = op(1). Furthermore, applying Lemma D.5

yields that
√
nEn

[
(ã− al)

′ p(W )uγ0

]
= op(1). Thus, T21 = op(1) as well. The proof for

showing T22 = op(1) is the same as Lemma B.3 and is omitted.

Lemma C.4. If the conditions of Theorem 5.3 hold true, then maxi|α̃(Wi)|/√n = op(1).

Proof. Let a := ã
∥ã∥ . Then, it follows that maxi|α̃(Wi)|√

n
= ∥ã∥ maxi|a′p(Wi)|√

n
. Since ∥ã∥ = Op(1)

by Lemma D.4, it suffices to show that maxi |a′p(Wi)| = op(
√
n). To this end, note that

E[|a′p(Wi)|2] ≤ supa∈Sk−1 E[|a′p(Wi)|2] = a′Ga ≲ 1 by Assumption S. It follows by Markov
inequality that

∑n
i=1 P{|a′p(Wi)| >

√
n} ≤

∑n
i=1

E[|a′p(Wi)|2]
n

≲ 1. Thus, by Borel-Cantelli
lemma, |a′p(Wi)| >

√
n happens only for finitely many n. Therefore, the conclusion

follows from the same argument used in the proof of Owen (2001, Lemma 11.2).
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Lemma C.5. Let G = I and Assumptions O and S hold true. In addition, suppose√
2ξ2k log 2k

n
+

ξ2k log 2k

3n
→ c1 < 1. Then, there exists a strictly positive constant c2 < 1 − c1

such that λmin(Ĝ) ≥ c2 wpa1.

Proof. Let Si := p(Wi)p(Wi)
′/n. Note that

n∑
i=1

ESi = I, that E [Si − ESi] is a zero matrix by

construction, and that ∥Si − ESi∥ ≤ ∥Si∥ ≤ ξ2k
n

by the positive semidefiniteness of ESi.
By Tropp (2015, Theorem 6.6.1),

E
∥∥∥Ĝ− I

∥∥∥ ≤
√

2v∗ log 2k + ξ2k log 2k/3n → c1, (C.8)

where

v∗ :=

∥∥∥∥∥
n∑

i=1

E (Si − ESi) (Si − ESi)

∥∥∥∥∥ ≤
n∑

i=1

∥E (Si − ESi) (Si − ESi)∥

=
n∑

i=1

∥∥ES2
i − ESiESi

∥∥ ≤
n∑

i=1

∥∥ES2
i

∥∥ =
1

n

∥∥E [(p(Wi)p(Wi)
′)2
]∥∥ ≤ ξ2k

n
.

(C.9)

The first relation of (C.9) is from the definition of v∗, the second relation is by the
triangle inequality, the third relation is from a direct calculation, the fourth relation is
due to the positive semidefiniteness of ESiESi, the fifth relation is by rewriting ES2

i and
the i.i.d. assumption, and the final relation uses the property that for any a ∈ Sk−1

a′ [p(Wi)p(Wi)
′p(Wi)p(Wi)

′] a ≤ ξ2ka
′ [p(Wi)p(Wi)

′] a. Now, suppose wpa1, λmin(Ĝ) < c2.
Then there exists a ∈ Sk−1 such that a′Ĝa < c2. Thus, wpa1, we have the following:∥∥∥Ĝ− I

∥∥∥ ≥
∣∣∣a′(Ĝ− I)a

∣∣∣ = ∣∣∣a′Ĝa− 1
∣∣∣ > 1− c2 > c1,

which is a contradiction since (C.8) implies P
{∥∥∥Ĝ− I

∥∥∥ > 1− c2

}
≤ c1

1−c2
< 1. Therefore,

wpa1, all eigenvalues of Ĝ are no smaller than c2.

D Additional technical results

D.1 Series asymptotics with many terms

The following lemmas present some basic results on series estimation which may be of
independent interest.

Lemma D.1. If Assumptions O and S hold true, then:

(i) E[uα0ipi] = 0, E[uγ0ipi] = 0;
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(ii) ∥uα0∥P,2 ≤ rα0 , ∥uγ0∥P,2 ≤ rγ0 ;

(iii) ∥uα0∥P,∞ ≤ (ℓk + 1)rα0 , ∥uγ0∥P,∞ ≤ (ℓk + 1)rγ0 ;

(iv) al = O(1 + rα0), βl = O(1 + rγ0).

Proof. We only prove the results related to α0. Those related to γ0 can be shown in the
same fashion. Note by definition,

al = argmina∈Rk E[α0i − a′pi]
2. (D.1)

Statement (i) follows from the first order condition of al. Statement (ii) directly follows
from (D.1): ∥uα0∥P,2 = E[u2

α0i
] ≤ E[(α0i − a′bpi)

2] ≤ r2α0
. For statement (iii), note that

uα0 = α0 − a′bp+ a′bp− a′lp, where

a′bp− a′lp = p′E[pip′i]−1E[pip′i]ab − p′E[pip′i]−1E[piα0i]

= p′E[pip′i]−1E [pi(p
′
iab − α0i)] = Ln(p

′ab − α0).

Then, statement (iii) follows from the triangle inequality and the definition of ℓk. Finally,
to see statement (iv), note that:

∥Lnα0∥2P,2 = a′lE[pip′i]al ≥ ∥al∥2 λmin {E[pip′i]} .

By Assumption L, all eigenvalues of E[pip′i] are bounded away from zero. It follows that:

∥al∥2 ≲ ∥Lnα0∥2P,2 ≤ ∥α0∥2P,2 + ∥uα0∥
2
P,2 = O(1 + r2γ0),

where the second inequality is by the triangle inequality, and the final relation follows
from ∥α0∥P,2 = O(1) (Assumption O) and ∥uα0∥P,2 ≤ rγ0 (Lemma D.1(ii)).

Lemma D.2. If Assumptions O and S hold true, then:

(i) E
[∥∥∥Ĝ−G

∥∥∥] ≲ ξ2k log k

n
+

√
ξ2k log k

n
,
∥∥∥Ĝ−G

∥∥∥ = Op

(
ξ2k log k

n
+

√
ξ2k log k

n

)
,
∥∥∥Ĝ∥∥∥ = Op(

ξ2k log k

n
+√

ξ2k log k

n
+ 1).

(ii) If in addition ξ2k log k

n
= o(1), then E

[∥∥∥Ĝ−G
∥∥∥] = o(1),

∥∥∥Ĝ−G
∥∥∥ = op (1).

Proof. Statement (i) follows from Belloni et al. (2015, Lemma 6.2) and the triangle
inequality. Statement (ii) is a direct application of statement (i).

Lemma D.3. Suppose Assumptions O, S hold true, ξ2k
n
≤ 1, and all eigenvalues of Ĝ are

positive wpa1. Then:
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(i) ∥En [m(W, p)− α0(W )p(W )]∥ = Op

(√
ξ2k
n
∧
√

∥α0∥P,∞k

n

)
;

(ii) ∥En[uα0p(W )]∥ = Op

(
rα0

√
ξ2k
n

)
, ∥En[uγ0p(W )]∥ = Op

(
rγ0

√
ξ2k
n

)
;

(iii) P̂ = En [m(W, p)− α0(W )p(W )]+En[uα0p(W )]+Ĝal, and
∥∥∥P̂∥∥∥ = Op

(
ξ2k log k

n
+

√
ξ2k log k

n
+ 1

)
;

(iv) If in addition λn

λmin(Ĝ)
= op(1), then

∥∥∥∥(Ĝ+ λnI
)−1

Ĝ− I

∥∥∥∥ = Op

(
λn

λmin(Ĝ)

)
,
∥∥∥Ĝ(ĜĜ+ λnĜ)−Ĝ− I

∥∥∥ =

Op

(
λn

λmin(Ĝ)

)
.

Proof. Statement (i). Let eRi = m(Wi, p)−α0(Wi)p(Wi). By the definition of α0, EeRi = 0.
By the i.i.d. assumption and the triangle inequality, the following holds:

E
∥∥En[e

R]
∥∥2 = 1

n

k∑
j=1

E [m(Wi, pj)− α0(Wi)pj(Wi)]
2

≲
1

n

k∑
j=1

Em2(Wi, pj) +
1

n
E
[
α2
0(Wi)p(Wi)

′p(Wi)
]
,

where the first term is O
(
k
n

)
since Em2(Wi, pj) ≲ Ep2j(Wi) ≲ 1 by Assumptions O(3)

and S(1). For the second term, note either E [α2
0(Wi)p(Wi)

′p(Wi)] ≤ ξ2kEα2
0(Wi) ≲ ξ2k,

or E [α2
0(Wi)p(Wi)

′p(Wi)] ≤ ∥α0∥P,∞ E [p(Wi)
′p(Wi)] = ∥α0∥P,∞ tr(G) ≲ ∥α0∥P,∞ k. It

follows by Markov inequality and ξ2k
n
≤ 1 that:

∥∥En[e
R]
∥∥ = Op

√k

n
∨

√ξ2k
n

∧

√
∥α0∥P,∞ k

n

 = Op

√ξ2k
n

∧

√
∥α0∥P,∞ k

n

 .

Statement (ii). Note that E[uα0p(Wi)] = 0. By the i.i.d. assumption, we may show
that:

E ∥En[uα0p(W )]∥2 = E
[
(En[uα0p(W )])′ (En[uα0p(W )])

]
=

1

n
E[u2

α0
p′(W )p(W )] ≲

(
r2α0

ξ2k
n

)
.

Then, the conclusion follows from Markov inequality. ∥En[uγ0p(W )]∥ = Op

(
rγ0

√
ξ2k
n

)
can be shown analogously.

Statement (iii). The decomposition result is derived by rewriting the following:

P̂ = En [m(W, p)− α0(W )p(W )] + En [α0(W )p(W )] ,
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and then by plugging α0 = a′lp+ uα0 in the above equation. Furthermore, note∥∥∥P̂∥∥∥ ≤ ∥En [m(W, p)− α0(W )p(W )]∥+ ∥En[uα0p(W )]∥+
∥∥∥Ĝ∥∥∥ ∥al∥

= Op(

√
ξ2k
n

+ rα0

√
ξ2k
n

+
ξ2k log k

n
+

√
ξ2k log k

n
+ 1)

= Op(
ξ2k log k

n
+

√
ξ2k log k

n
+ 1),

where the first relation follows from the triangle inequality, the second relation follows
from statements (i), (ii), Lemmas D.2 and D.1(iv), and the last relation follows from the
assumption that ξ2k

n
≲ 1.

Statement (iv). By assumption, Ĝ is invertible wpa1. Thus Ψn :=
(
Ĝ+ λnI

)−1

Ĝ

exists wpa1. Now, consider the orthogonal diagonalization of Ĝ such that Ĝ = UΛU ′,
where U ′U = I, Λ is a diagonal matrix with {µj}kj=1 on the diagonal, and without loss of
generality µ1 ≥ µ2 . . . ≥ µk are k real eigenvalues of Ĝ. It follows that:

Ψn − I = U(Λ + λnI)
−1ΛU ′ − UU ′ = U

[
(Λ + λnI)

−1Λ− I
]
U ′,

and (Λ+λnI)
−1Λ−I is a diagonal matrix where for each j = 1 . . . k, λj [(Ψn − I)′(Ψn − I)] =(

µj

µj+λn
− 1
)2

=
(

λn

µj+λn

)2
. Thus, the following holds:

∥Ψn − I∥ = {λmax [(Ψn − I)′(Ψn − I)]}1/2 = λn
1

µk + λn

= Op

(
λn

λmin(Ĝ)

)
.

Furthermore, note that if all the eigenvalues of Ĝ are positive wpa1, then Ĝ(ĜĜ +

λnĜ)−Ĝ = Ψn wpa1. Therefore,
∥∥∥Ĝ(ĜĜ+ λnĜ)−Ĝ− I

∥∥∥ = Op

(
λn

λmin(Ĝ)

)
as well.

Lemma D.4. Suppose Assumptions O, S, and P hold true, ξ2k
n
≤ 1, and all eigenvalues

of Ĝ are bounded away from zero wpa1. Then, it holds that:

∥ã− al∥ = Op

√ξ2k
n

∧

√
∥α0∥P,∞ k

n

+ rα0

√
ξ2k
n


and ∥ã∥ = Op(1).
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Proof. Under stated assumptions, ã =
(
Ĝ+ λnI

)−1

P̂ wpa1. Thus,

ã− al =
(
Ĝ+ λnI

)−1

En [m(W, p)− α0(W )p(W )]

+
(
Ĝ+ λnI

)−1

En[uα0p(W )]

+

((
Ĝ+ λnI

)−1

Ĝ− I

)
al.

Note that
∥∥∥∥(Ĝ+ λnI

)−1
∥∥∥∥ = Op(1) since all eigenvalues of Ĝ are bounded away from

zero wpa1. The conclusion follows from applying Lemmas D.3, D.1(iv) and the triangle
inequality.

Lemma D.5. Suppose the conditions of Lemma D.4 hold true. In addition, ξ2k√
n
rγ0 = o(1)

and
√
nrα0rγ0 = o(1). Then,

√
nEn

[
(ã− al)

′ p(W )uγ0

]
= Op(

ξ2k√
n
rγ0 +

√
nrα0rγ0) = op(1).

Proof. Note by Cauchy-Schwarz inequality, Lemmas D.3 and D.4,

∣∣√nEn

[
(ã− al)

′ p(W )uγ0

]∣∣ ≤ √
n ∥ã− al∥ ∥En [p(W )uγ0 ]∥

= Op(
ξ2k√
n
rγ0 +

√
nrα0rγ0) = op(1).

Lemma D.6. If the conditions of Theorem 5.1 hold true, then,

√
nEn

[
(ã− al)

′ p(W )uγ0

]
= S11 + S12 + op(1),

where

S11 =
√
n
(
En[e

R
i ]
)′ (

Ĝ−1 −G−1
)
En[p(W )uγ0 ] = Op

(
ξ3k
√
log k

n
rγ0

)
,

S12 =
1√
n
E
[(
eRi
)′
Gp(Wi)uγ0i

]
= Op

(
ξ2k√
n
rγ0

)
.

Proof. Plugging in the form of ã yields

√
nEn

[
(ã− al)

′ p(W )uγ0

]
= S1 + S2 + S3 + S4,
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where

S1 =
√
n (En[m(W, p)− α0(W )p(W )])′ Ĝ−1En[p(W )uγ0 ],

S2 =
√
n (En[m(W, p)− α0(W )p(W )])′ ((Ĝ+ λnI)

−1Ĝ− I)Ĝ−1En[p(W )uγ0 ],

S3 =
√
nEn[uα0p

′(W )](Ĝ+ λnI)
−1En [p(W )uγ0 ] ,

S4 =
√
na′l

(
Ĝ(Ĝ+ λnI)

−1 − I
)
En [p(W )uγ0 ] .

Under Assumptions O, S, P and L, S2 = op(1), S3 = op(1) and S4 = op(1) by applying
Lemmas D.3 and D.1. Since eRi = m(Wi, p)− α0(Wi)p(Wi), we may decompose S1 as

S1 = S11 + S12 + S13 + S14,

where

S11 =
√
n
(
En[e

R
i ]
)′ (

Ĝ−1 −G−1
)
En[p(W )uγ0 ], S12 =

1√
n
E
[(
eRi
)′
Gp(Wi)uγ0i

]
,

S13 =
1√
n
En

[(
eR
)′
Gp(W )uγ0 − E[

(
eRi
)′
Gp(Wi)uγ0i]

]
S14 =

√
n
1

n2

n∑
i ̸=j

(
eRi
)′
Gp(Xj)uγ0j,

for which we can show that S13 = op(1) and S14 = op(1) by Markov inequality. Note that∥∥∥Ĝ−1 −G−1
∥∥∥ = Op(

√
ξ2k log k

n
) (Lemma D.2). Therefore, Cauchy-Schwarz inequality and

Lemma D.3 further imply S11 = Op

(
ξ3k

√
log k

n
rγ0

)
. It also follows that S12 = Op

(
ξ2k√
n
rγ0

)
by Cauchy-Schwarz inequality.

D.2 Additional convergence results

The next lemma says that conditional convergence implies unconditional convergence. It
sometimes helps simplify arguments for the convergence of sample averages containing
complicated terms.

Lemma D.7. Let {Xn} , {Yn} be two sequences of random vectors, and let {An} be a
sequence of positive numbers.

(i) If conditional on {Yn}, ∥Xn∥ = op(An), then ∥Xn∥ = op(An) unconditionally;

(ii) If conditional on {Yn}, ∥Xn∥ = Op(An), then ∥Xn∥ = Op(An) unconditionally.

Proof. For statement (i), note that ∥Xn∥ = op(An) conditional on Yn means for any
δ > 0, P {∥Xn∥ > δAn|Yn} → 0 as n → ∞. Then, by Billingsley (2008, Theorem
25.12), P {∥Xn∥ > δAn} ≤ E[P {∥Xn∥ > δAn|Yn}] → 0 as well since P {∥Xn∥ > δAn|Yn}
is uniformly integrable. Statement (ii) follows from Chernozhukov et al. (2018, Lemma
6.1).
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Denote Wn = {Wi}ni=1 ∈ Wn =
∏n

i=1Wi. Let {Aj(· ) : Wn → R, j = 1 . . . n} be a
class of n functions. The following result can be used to show the convergence of sample
averages involving terms ei, i = 1 . . . n.

Lemma D.8. If Assumption O holds true, then 1
n

∑n
j=1 [Aj(Wn)ej] = Op

(√∑n
j=1 A2

j (Wn)

n2

)
.

Proof. Note by Assumption O, E[Aj(Wn)ej|Wn] = 0 for each j = 1 . . . n, and

var

{
1

n

∑n

j=1
[Aj(Wn)ej] |Wn

}
=

1

n2

∑n

j=1

[
A2

j(Wn)E[e2j |Wn]
]
≲

1

n2

∑n

j=1
[A2

j(Wn)].

Conditional Markov inequality then implies
{

1
n

∑n
j=1 [Aj(Wn)ej] |Wn

}
= Op

(√∑n
j=1 A2

j (Wn)

n2

)
.

The final conclusion follows by applying Lemma D.7.

E Further robustness checks for the empirical appli-

cation

E.1 Alternative measures of corruption and selection-on-unobservables

Following Ferraz and Finan (2011), we provide additional robustness checks for the base-
line results. First, Tables 7 and 8 report the effects of reelection incentives by using two
alternative measures of corruption as the observed outcome: the number of irregularities
associated with corruption and the share of service items involving corruption. Second,
we control the ability and experience to see how the results would change if θ̃BP is applied.
This addresses the concern that unobserved characteristics of individual politicians might
drive the main conclusion. To control for the political experience, Specifications (1)-(6)
of Table 9 keep all the conditioning terms in Specifications (1)-(6) of Table 1, and add
one additional proxy for the experience. This proxy indicates whether a first term mayor
was in power in one of the previous three terms. To account for possible nonlinearity,
Specification (7) further adds interaction terms of the political experience proxy with the
other 11 continuous variables, in addition to all terms in Specification (6). A mayor’s
political ability may be controlled by comparing the second term mayors with a subset of
the first term mayors who are reelected in subsequent elections. This reduces the sample
size from 476 to 313. The results are reported in Table 10.

E.2 Many technical terms

The baseline results in Table 1 utilizes raw control variables. We now consider using many
technical terms constructed from the controls, including square terms and interactions.
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In Table 11, Specification (1) is the same as that in Table 1. Specification (2) keeps all
controls in specification (2) of Table 1, and adds age2, and interactions of mayoral gender,
education level and age. Specification (3) keeps all the technical terms in Specification (2),
and also considers a second order polynomial of municipal characteristics (raw controls,
their square and interaction terms). The technical terms in Specification (4) contain those
in Specification (3), and a second order polynomial of political and judicial characteristics.
Specification (5) additionally includes the lottery dummies and their interactions with the
indicator variable that shows whether the municipality is a judicial district. Specification
(6) also considers the state dummies and their interactions with the judiciary district
indicator. The estimates exhibit similar patterns with the baseline results. Even with
more technical terms, our estimator seems to perform more robustly compared to the
other estimators in Table 11.

E.3 Sensitivity analysis with respect to penalty terms

Treating θ̃BP as a finite-sample minimax estimator, we now conduct sensitivity analysis of
the estimator with respect to different penalty coefficients. Recall that in a homoscedastic
model, the ideal penalty coefficient is λn = σ2

nb2
. Thus, we can gauge the magnitude of

λn by σ̂2 and b̂2, where b̂ is the l2 norm of the estimated coefficient of the conditional
expectation function, and σ̂2 is an average of the associated residual squares. In a full
specification with 67 controls, we can calculate that σ̂2

1/̂b21 = 0.021 for E[Yi|Xi, Ti = 1] and
σ̂2
0/̂b20 = 0.019 for E[Yi|Xi, Ti = 0]. Therefore, we apply θ̃BP with σ2/b2 ∈ (0, 100), assuming

the ratio σ2/b2 is the same for E[Yi|Xi, Zi, Ti = 1] and E[Yi|Xi, Zi, Ti = 0]. The results are
illustrated in Figure E.1.
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Table 7: Effect of reelection incentives on alternative measure of corruption
Specification (1) (2) (3) (4) (5) (6)

Corruption measure numbers of irregularities involving corruption

k 1 21 28 32 41 67

n 476 476 476 476 476 476

Controlled OLS
Effect -0.3875** -0.4297*** -0.3641** -0.3947** -0.4470*** -0.4710***

S.E. (0.1583) (0.1549) (0.1525) (0.1530) (0.1506) (0.1478)

Our estimator θ̃BP Effect -0.3857** -0.4320*** -0.3477** -0.3528** -0.3568*** -0.3568***

λn,1 = λn,0 = 0.001 S.E. (0.1576) (0.1495) (0.1421) (0.1409) (0.1343) (0.1225)

Controlled ridge Effect -0.4222*** -0.3451*** -0.3804** -0.4226*** -0.4584***

λn = 0.001 S.E. (0.1549) (0.1524) (0.1527) (0.1506) (0.1490)

Controlled ridge Effect -0.2072 -0.2405 -0.2628* -0.3155** -0.2484

10 fold CV S.E. (0.1562) (0.1534) (0.1533) (0.1523) (0.1541)

Debiased w. Effect -0.3612** -0.2864* -0.4123*** -0.4123*** -0.4035***

post lasso selection S.E. (0.1589) (0.1507) (0.1540) (0.1540) (0.1514)

Debiased w. Effect -0.3873** -0.3445** -0.4402*** -0.4408*** -0.4323***

lasso selection S.E. (0.1581) (0.1568) (0.1554) (0.1553) (0.1551)

Linear partialing out Effect -0.4359*** -0.3048** -0.3797** -0.3581** -0.3872***

post lasso selection S.E. (0.1572) (0.1442) (0.1494) (0.1493) (0.1393)

Linear double selection Effect -0.4367*** -0.3152** -0.3872*** -0.3618** -0.3998***

post lasso selection S.E. (0.1579) (0.1452) (0.1456) (0.1460) (0.1406)

Mayoral characteristics No Yes Yes Yes Yes Yes

Municipal characteristics No No Yes Yes Yes Yes

Political and judicial characteristics No No No Yes Yes Yes

Lottery dummies No No No No Yes Yes

State dummies No No No No No Yes

Note: k is the number of conditioning terms and n is the sample size. Numbers in parentheses are computed
standard errors. (1)-(6) use the same controls as those used in Table 4 of Ferraz and Finan (2011). Mayoral
characteristics include age, gender, education and party affiliation. Municipal characteristics include the log
of population, the percentage of the population that has at least a secondary education, the percentage of
the population that lives in the urban sector, new municipality, the log of GDP per capita in 2002, the Gini
coefficient, and the log amount of resources sent to the municipality. Political and judicial characteristics
include the effective number of political parties in the legislature, the number of legislators divided by the
number of voters, the share of the legislature that is of the same party as the mayor, and whether the
municipality is a judiciary district. Two ridge methods use the R package “glmnet”; four lasso based methods
use R package “hdm”.
*** Significant at 1%.
** Significant at 5 %.
* Significant at 10%.
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Table 8: Effect of reelection incentives on alternative measures of corruption
Specification (1) (2) (3) (4) (5) (6)

Corruption measure Share of audited items involving corruption

k 1 21 28 32 41 67

n 476 476 476 476 476 476

Controlled OLS
Effect -0.0076 -0.0100*** -0.0077 -0.0081* -0.0100** -0.0105**

S.E. (0.0048) (0.0045) (0.0047) (0.0047) (0.0044) (0.0044)

Our estimator θ̃BP Effect -0.0076 -0.0091** -0.0062 -0.0057 -0.0055 -0.0055

λn,1 = λn,0 = 0.001 S.E. (0.0048) (0.0044) (0.0044) (0.0044) (0.0039) (0.0036)

Controlled ridge Effect -0.0098** -0.0074 -0.0080* -0.0096** -0.0103**

λn = 0.001 S.E. (0.0045) (0.0047) (0.0047) (0.0044) (0.0043)

Controlled ridge Effect -0.0030 -0.0035 -0.0043 -0.0066 -0.0058

10 fold CV S.E. (0.0046) (0.0047) (0.0047) (0.0045) (0.0045)

Debiased w. Effect -0.0067 -0.0043 -0.0069 -0.0074* -0.0049

post lasso selection S.E. (0.0048) (0.0049) (0.0048) (0.0045) (0.0048)

Debiased w. Effect -0.0076 -0.0063 -0.0080* -0.0080* -0.0078*

lasso selection S.E. (0.0048) (0.0048) (0.0047) (0.0047) (0.0047)

Linear partialing out Effect -0.0099** -0.0055 -0.0073 -0.0082* -0.0073*

post lasso selection S.E. (0.0048) (0.0046) (0.0048) (0.0045) (0.0041)

Linear double selection Effect -0.0099** -0.0058 -0.0074 -0.0081* -0.0077*

post lasso selection S.E. (0.0047) (0.0046) (0.0046) (0.0043) (0.0041)

Mayoral characteristics No Yes Yes Yes Yes Yes

Municipal characteristics No No Yes Yes Yes Yes

Political and judicial characteristics No No No Yes Yes Yes

Lottery dummies No No No No Yes Yes

State dummies No No No No No Yes

Note: k is the number of conditioning terms and n is the sample size. The numbers in parentheses represent
computed standard errors. (1)-(6) use the same controls as those used in Table 4 of Ferraz and Finan (2011).
Mayoral characteristics include age, gender, education and party affiliation. Municipal characteristics include
log of population, percentage of the population that has at least a secondary education, percentage of the
population that lives in an urban sector, new municipality, log of GDP per capita in 2002, the Gini coefficient,
and the log of the amount of resources sent to the municipality. Political and judicial characteristics include
the effective number of political parties in the legislature, the number of legislators divided by the number
of voters, the share of the legislature that is of the same party as the mayor, and whether the municipality
is judiciary district. Two ridge methods use the R package “glmnet”; four lasso based methods use the R
package “hdm”.
*** Significant at 1%.
** Significant at 5 %.
* Significant at 10%.
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Table 9: Effect of reelection incentives on corruption: Controlling for political experience
Specification (1) (2) (3) (4) (5) (6) (7)

k 1+1 21+1 28+1 32+1 41+1 67+1 67+1+11

n 476 476 476 476 476 476 476

Controlled OLS
Effect -0.0164* -0.0178* -0.0179* -0.0217* -0.0243** -0.0262** -0.0246**

S.E. (0.0099) (0.0101) (0.0103) (0.0113) (0.0110) (0.0116) (0.0122)

Our estimator θ̃BP Effect -0.0179* -0.0185** -0.0159* -0.0179* -0.0179* -0.0178* -0.0177*

λn,1 = λn,0 = 0.001 S.E. (0.0098) (0.0087) (0.0088) (0.0096) (0.0095) (0.0092) (0.0093)

Controlled ridge Effect -0.0195** -0.0176* -0.0233** -0.0238** -0.0250** -0.0243**

λn = 0.001 S.E. (0.0096) (0.0103) (0.0108) (0.0110) (0.0117) (0.0122)

Controlled ridge Effect -0.0070 -0.0070 -0.0100 -0.0073 -0.0051 -0.0041

10 fold CV S.E. (0.0097) (0.0105) (0.0110) (0.0113) (0.0123) (0.0130)

Debiased w. Effect -0.0180* -0.0188* -0.0252** -0.0230** -0.0173 -0.0486

post lasso selection S.E. (0.0094) (0.0101) (0.0111) (0.0111) (0.0111) (0.0346)

Debiased w. Effect -0.0188** -0.0176** -0.0225** -0.0214** -0.0210** -0.0249*

lasso selection S.E. (0.0095) (0.0094) (0.0100) (0.0099) (0.0098) (0.0132)

Linear partialing out Effect -0.0177* -0.0169* -0.0248*** -0.0231** -0.0202** -0.0196**

post lasso selection S.E. (0.0093) (0.0095) (0.0096) (0.0099) (0.0099) (0.0099)

Linear double selection Effect -0.0180* -0.0170* -0.0248** -0.0232** -0.0210* -0.0204*

post lasso selection S.E. (0.0096) (0.0100) (0.0104) (0.0110) (0.0111) (0.0112)

Mayoral characteristics No Yes Yes Yes Yes Yes Yes

Municipal characteristics No No Yes Yes Yes Yes Yes

Political and judicial characteristics No No No Yes Yes Yes Yes

Lottery dummies No No No No Yes Yes Yes

State dummies No No No No No Yes Yes

Note: k is the number of conditioning terms and n is the sample size. Numbers in parentheses represent
computed standard errors. (1)-(6) use the same controls as those used in Table 4 of Ferraz and Finan (2011).
Mayoral characteristics include age, gender, education and party affiliation. Municipal characteristics include
the log of population, the percentage of the population that has at least a secondary education, the percentage
of the population that lives in an urban sector, new municipality, the log of GDP per capita in 2002, the Gini
coefficient, and the log amount of resources sent to the municipality. Political and judicial characteristics
include the effective number of political parties in the legislature, the number of legislators divided by the
number of voters, the share of the legislature that is of the same party as the mayor, and whether the
municipality is a judiciary district. The one additional regressor used in each specification is a proxy for
political experience indicating whether a first term mayor was a mayor in one of the previous three terms. In
Specification (7), the 11 additional regressors are interactions of the non-dummy regressors in (6) with the
political experience indicator.
*** Significant at 1%. ** Significant at 5 %. * Significant at 10%.
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Table 10: Effect of reelection incentives on corruption: Controlling for political ability
Specification (1) (2) (3) (4) (5) (6)

k 1 21 28 32 41 67

n 313 313 313 313 313 313

Controlled OLS
Effect -0.0345*** -0.0356*** -0.0358*** -0.0411*** -0.0418*** -0.0398***

S.E. (0.0097) (0.0103) (0.0109) (0.0118) (0.0122) (0.0130)

Our estimator θ̃BP Effect -0.0345*** -0.0303*** -0.0310*** -0.0330*** -0.0330*** -0.0329***

λn,1 = λn,0 = 0.001 S.E. (0.0097) (0.0087) (0.0091) (0.0092) (0.0092) (0.0091)

Controlled ridge Effect -0.0349*** -0.0351*** -0.0402*** -0.0409*** -0.0385***

λn = 0.001 S.E. (0.0104) (0.0110) (0.0119) (0.0123) (0.0131)

Controlled ridge Effect -0.0160 -0.0140 -0.0167 -0.0125 -0.0102

10 fold CV S.E. (0.0104) (0.0113) (0.0123) (0.0127) (0.0140)

Debiased w. Effect -0.0344*** -0.0351*** -0.0405*** -0.0405*** -0.0377***

post lasso selection S.E. (0.0100) (0.0103) (0.0109) (0.0109) (0.0112)

Debiased w. Effect -0.0338*** -0.0337*** -0.0357*** -0.0357*** -0.0353***

lasso selection S.E. (0.0097) (0.0097) (0.0097) (0.0097) (0.0096)

Linear partialing out Effect -0.0326*** -0.0305*** -0.0359*** -0.0359*** -0.0371***

post lasso selection S.E. (0.0111) (0.0111) (0.0114) (0.0114) (0.0112)

Linear double selection Effect -0.0338*** -0.0314*** -0.0370*** -0.0370*** -0.0385***

post lasso selection S.E. (0.0097) (0.0098) (0.0107) (0.0107) (0.0108)

Mayoral characteristics No Yes Yes Yes Yes Yes

Municipal characteristics No No Yes Yes Yes Yes

Political and judicial characteristics No No No Yes Yes Yes

Lottery dummies No No No No Yes Yes

State dummies No No No No No Yes

Note: This table uses only a subsample of second-term mayors and first-term mayors who were later reelected
as a control for political ability. k is the number of conditioning terms and n is the sample size. Numbers in
parentheses represent computed standard errors. (1)-(6) use the same controls as those in Table 4 of Ferraz
and Finan (2011). Mayoral characteristics include age, gender, education and party affiliation. Municipal
characteristics include the log of population, the percentage of the population that has at least a secondary
education, the percentage of the population that lives in an urban sector, new municipality, the log of GDP per
capita in 2002, the Gini coefficient, the log amount of resources sent to the municipality. Political and judicial
characteristics include the effective number of political parties in the legislature, the number of legislators
divided by the number of voters, the share of the legislature that is of the same party as the mayor, and
whether the municipality is a judiciary district.
*** Significant at 1%.
** Significant at 5 %.
* Significant at 10%.
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Table 11: Effect of reelection incentives on corruption: Many technical terms
Specification (1) (2) (3) (4) (5) (6)

k 1 25 59 72 90 142

n 476 476 476 476 476 476

Controlled OLS
Effect -0.0188** -0.0186* -0.0189* -0.0196* -0.0214* -0.0247**

S.E. (0.0095) (0.0096) (0.0102) (0.0107) (0.0110) (0.0118)

Our estimator θ̃BP Effect -0.0187** -0.0171** -0.0179** -0.0182** -0.0182** -0.0182**

λn,1 = λn,0 = 0.001 S.E. (0.0094) (0.0081) (0.0087) (0.0087) (0.0086) (0.0085)

Plug-in ridge Effect -0.0181** -0.0200** -0.0236** -0.0252** -0.0293***

λn,1 = λn,0 = 0.001 S.E. (0.0092) (0.0091) (0.0102) (0.0099) (0.0095)

Plug-in ridge Effect -0.0188* -0.0188* -0.0188* -0.0188* -0.0188*

10 fold CV S.E. (0.0096) (0.0098) (0.0115) 0.0114) (0.0113)

Debiased w. Effect -0.0195* -0.0173* -0.0247** -0.0260** -0.0222*

post lasso selection S.E. (0.0094) (0.0096) (0.0117) 0.0120) (0.0117)

Debiased w. Effect -0.0188** -0.0178* -0.0223** -0.0223** -0.0218**

lasso selection S.E. (0.0095) (0.0094) (0.0100) 0.0100) (0.0099)

Linear partialing out Effect -0.0194** -0.0174* -0.0234** -0.0247** -0.0250***

post lasso selection S.E. (0.0093) (0.0094) (0.0097) 0.0096) (0.0096)

Linear double selection Effect -0.0196** -0.0175* -0.0234** -0.0249** -0.0262***

post lasso selection S.E. (0.0096) (0.0095) (0.0103) 0.0103) (0.0101)

Mayor characteristics No Yes Yes Yes Yes Yes

and their series terms

Municipal characteristics No No Yes Yes Yes Yes

and their series terms

Political and judicial characteristics No No No Yes Yes Yes

and their series terms

Lottery dummies and No No No No Yes Yes

interactions with judical chacteristics

State dummies and No No No No No Yes

interactions with judical chacteristics

Note: k is the number of technical terms and n is the sample size. Numbers in parentheses represent computed
standard errors. Ridge methods use the R package “glmnet”; four lasso based methods use the R package
“hdm”. For plug-in (cross validated) ridges, standard error is calculated with α0 estimated using the estimator
in Newey and Robins (2018).
*** Significant at 1%. ** Significant at 5 %. * Significant at 10%.
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Figure E.1: θ̃BP with penalty coefficients optimally selected against a range of σ2

b2
∈ (0, 100).

The first line in the above figure represents when all controls are added with k = 67. The second
line represents when only mayoral characteristics are included with k = 21. Both curves are
smoothed using local polynomials.
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